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[bookmark: _heading=h.30j0zll][bookmark: _Toc143509802]Programme introduction
The Advanced Diploma in Technical and Vocational Teaching (Adv. Dip TVT) programme seeks to provide a structured professional learning pathway for current and aspirant technical and vocational lecturers/teachers. The Diploma will equip them with the knowledge and competences to implement and manage teaching and learning in their TVET colleges effectively and in alignment with national goals.
This module is one of a set of modules that contribute to the Advanced Diploma programme. The overall purpose of the Advanced Diploma is to engage lecturers working in the TVET sector in conversations about what it means to be a quality teacher in a TVET college. Each Module in the programme explores this from a different angle, but for every module the foundational concept is about the type of teacher you want to be. We all know that the relationship between teaching and learning is interrelated, so in order to understand the type of teacher you want to be you will need to engage with what learning means in a TVET context.
We often think about vocational and technical or craft knowledge as different from theoretical knowledge. However, there is increasing recognition of the power of vocational and theoretical knowledge coming together to develop the skilled craftsperson whether it is in plumbing, baking, even mathematics and physics. This integration of theory and vocational knowledge is equally important in teaching as well. Teachers are constantly needing to make informed decisions and judgements as they select what to teach and how best to teach the specific content, concept or skill.
This leads to a question about how different forms of knowledge and skill are brought together and balanced in the curriculum and in teaching and learning.
[bookmark: _Toc46843743][bookmark: _Toc48137753][bookmark: _Toc51617716][bookmark: _Toc143509803]Approach to learning
To answer the question above in this diploma programme, a framework has been developed which is referred to as know how, know it and know that, or the HIT framework. This framework is introduced, referred to and deepened in different ways all the way through the programme. 

[image: C:\Users\SheilaD.SAIDE\South African Institute for Distance Education\AdvDipTVT(058) - Documents\Multimedia\HIT Fig (002).png]“Know How” is procedural knowledge, “in our bodies” or embodied knowledge.
For example, following a bread recipe.
“Know It” is recognition, the knowledge of what counts as good; wisdom; technical and theoretical judgments.
For example, is this sourdough good quality bread?
“Know That” is propositional knowledge or 
theoretical knowledge, the knowledge of how and why, cognitive knowledge.
For example, the science of bread baking.

Figure i: The HIT framework
Think about your own craft of teaching. The kind of teacher you want to be, is one who knows how (the techniques of teaching), knows that (the science and theory behind teaching AND learning) and knows it (knowing and reflecting on what makes a quality teacher). Such a teacher enables students to actively engage with their learning and to develop their full potential. 
If you are interested, click on the link provided to watch a short video in which Wayne Hugo discusses the “HIT model” of TVET knowledge and learning.
[bookmark: _Toc46843744][bookmark: _Toc51617717][bookmark: _Toc143509804]Relating theory to practice
In this module new concepts are often introduced by developing them from a practical situation with which you are probably familiar. This process, which moves from your experience towards a more abstract level of theory is known as inductive learning. It makes learning easier and is very different from deductive learning, which starts by presenting abstract theories and principles, then requires you to “deduce” practical conclusions and concrete examples. You are encouraged to relate the ideas you learn from the Adv Dip programme to your own context and to try to think theoretically about your practice. In other words, to think about the rationale for your practice.
[bookmark: _Toc143509805]Reflective practice and the use of a learning journal
One of the Adv. Dip TVT modules is called Reflective Practice, if you are interested, you can access it here It covers the concept of reflection in the life of a TVET lecturer. Of particular importance is unit 2, which describes various models which facilitate reflection. The simplest reflective model that is discussed in this unit, is that of Terry Borton (1970). It consists of three steps as follows:

Figure ii: Reflective model (after Borton, 1970)

The three questions to prompt reflection leading to action:
1. What?  
What happened? In this step you remember or describe the situation or event you have experienced.
2. So what? 
So, if that happened, what does this show you or teach me? In this step you explore what new insights or knowledge the situation gives you.
3. Now what? 
Now that I have learnt something new by reflecting on the situation, what should I do about it? In this step you think about what to do with the new awareness you have gained – i.e. how to make use of it to act more effectively in future situations.

Throughout the Adv. Dip TVT programme, you are encouraged to reflect on your practices at work in the college so that you can improve how teaching and learning takes place. We have embedded reflective practice throughout the programme, and at the end of most units in the modules you will find a reflective activity to complete. The reflective activity will enable you to make the most of what you have learnt throughout the unit, as well as assisting you to apply your learning in your workplace.
[bookmark: _Toc143509806]Use a learning journal
Throughout the Adv. Dip TVT modules, we encourage you to use a learning journal. You can download a digital template from google or use the learning journal template in Appendix 1. Save it where you can easily find it again. You can also use another template, or use a paper-based learning journal. You will use your learning journal to write notes and reflections and complete activities. Start your learning journal at the beginning of the programme, and keep it regularly updated throughout. 
[bookmark: _Toc46843746][bookmark: _Toc51617719][bookmark: _Toc143509807]Active learning
Most learning theorists tell us that new understandings and learning depend on, and arise out of, action. All the modules in the Adv. Dip TVT programme include activities. Your learning will be more fruitful if you engage systematically with the activities. If you do not do the activities, you will miss out on the most important part of the programme learning pathway.
[bookmark: _Toc46843747][bookmark: _Toc51617720][bookmark: _Toc143509808]Thinking activities
At various points in the module you are asked to stop and think and to take some time to reflect on a particular issue. These thought pauses are designed to help you consolidate your understanding of a specific point before tackling the next section of the module. One of the habits many of us develop through a rote kind of learning is to rush through things. Work though each module slowly and thoughtfully. Read and think. This is how we develop a depth of understanding and become able to use the ideas we learn. Try to link the issues raised in each thought pause with what you have read, with what you have already learnt about learning, with your own previous experience, and so on. Think about the questions or problems raised in the module. Jot down your ideas in your learning journal so that you can be reminded of them at a later stage.
[bookmark: _Toc46843748][bookmark: _Toc51617721][bookmark: _Toc143509809]Linkages across modules
As you work through this and other modules, you will notice that topics or issues raised in one module may cross refer to the same issue or topic in another module, possibly in more detail. So for example, while there is an entire module dedicated to the investigation of curriculum, key issues related to curriculum will also be highlighted and discussed in a number of other modules including, modules dealing with pedagogy, psychology in TVET as well as in the method of teaching engineering and related design and electrical engineering modules.
[bookmark: _Toc51617722][bookmark: _Toc143509810]Access to readings
[bookmark: _Toc46843749]There are links to readings throughout the activities. We have tried as far as possible to provide links to Open Educational Resources (OER). In cases where this was not possible you will be directed in the activity to access these through your university library. The website link is shown in the reference list.
[bookmark: _Toc51617723][bookmark: _Toc143509811]Assessment
The activities contained in this module and the Adv. Dip TVT programme as a whole, promote a continuous and formative assessment process. This approach is intended to support your ability to relate ideas to practice and to contribute to your development as you work through the various modules of the programme.
You will also notice that each module includes a summative assessment task with the assessment criteria set out in an accompanying rubric. This summative assessment task is a model only, intended to illustrate the kind of assessment tasks that may be set by the university providing this programme.


[bookmark: _Toc143509812]
Module overview
Welcome to the Mathematics Method Module. This module will introduce you to some of the most important ideas about teaching mathematics. Unit 1 deals with the idea of what it means to understand mathematics, and the two different types of understanding: instrumental and relational. Unit 2 builds on the ideas of Unit 1 by looking at four cognitive levels students need to solve selected tasks. You will be encouraged to try and include more tasks in your teaching that involve higher-order thinking. In Unit 3, we look at a particular type of task that involves level four higher-order thinking, starting with practical ways of organising the material, and then moving from the practical to the abstract. In Unit 4, we look at another particular way of teaching called variation which is inductive in its approach. We offer material with slight variations for students to notice and develop their own rules. Unit 5 explores important ways of helping students by introducing different ways of engaging them in the classroom with Math Talk. At the end of the Module there is an exemplar summative assessment, with the assessment criteria set out in an accompanying rubric. This summative assessment task is a model only, intended to illustrate the kind of assessment tasks that may be set by the university providing this programme, to help you reflect on and apply some of  what you’ve learnt in Units 1-5. 

[bookmark: _Toc143509813]Module purpose
[bookmark: _heading=h.3znysh7]The purpose of this module is to enable you, as TVET mathematics lecturers, to:
· Teach mathematics more conceptually and relationally
· Relate what you teach to the real environment as in Realistic Mathematics Education (RME)
· Provoke inquiry in the lessons you design
· Design/select rich tasks
· Teach using different representations, including variation theory
· Reflect on your practice.

[bookmark: _Toc143509814]Module outcomes 
By the end of this module you will have:
· An understanding and use of conceptual and relational ways of teaching
· Proficiency in analysis of tasks according to the cognitive levels of the students
· An understanding of how to use Math Talk to enhance the students’ mathematical understanding 
· An ability to reflect on your own teaching practice
· An ability to teach using different representations, including variation theory
· An ability to select examples that use different realistic contexts.


[bookmark: _Toc143509815]Module structure
Figure 1 shows the structure of the five units of the module.













Mathematics Method


Unit 1 
What it means to understand mathematics

Unit 2
Digging deeper into the nature of student tasks 

Unit 3
Doing realistic mathematics 

Unit 4
What changes and what stays the same?

Unit 5
Math Talk 
Figure 1: Module structure
















[bookmark: _Toc143509816]Module credits
This module carries 6 credits. 

[bookmark: _Toc143509817]Module time (notional hours)
All the units in this module are equivalent to 60 notional learning hours. It is anticipated that you will take approximately 60 hours to complete all the units successfully. The notional learning hours will include contact time with your Higher Education Institution (HEI), reading time, research time and time required to engage with activities and write assignments. Each activity in this module indicates the suggested time for completion. While the module is written so you can complete it as an individual, ideally you would find opportunities to talk to and get input from your lecturer, co-student lecturers, and/or colleagues/peers in the TVET college where you work or are placed.



[bookmark: _Toc143509818]Unit 1: What it means to understand mathematics
[bookmark: _Toc143509819]Introduction
In this first unit of the Mathematics Method module, we look at the concept of understanding mathematics. Students usually say they understand when they can follow a procedure, such as long division or solving for x by completing the square, but this does not mean that they necessarily know why it works. This is one kind of understanding; “knowing what to do” and “knowing how to do it”. There is another kind of understanding that is far more powerful and empowering; “knowing why”. This unit explores the differences and the value of each type of understanding. We explore how this relates to the teaching of mathematics and whether one is better than the other. As lecturers, do you welcome those students who keep asking you to explain “why”, much like four-year-old children who drive their parents crazy with “but why”? Perhaps you want to explain the “why”, but your students just want you to tell them the rule so they can complete their work quickly and switch off.

[bookmark: _Toc143509820]Unit 1 outcomes
By the end of this unit, you should be able to:
· Design/select examples from textbooks and online materials that relate to instrumental understanding
· Design/select examples from textbooks and online materials that relate to relational understanding in different tasks and teaching strategies
· Choose examples that integrate instrumental and relational understanding in different tasks.



[bookmark: _Toc143509821]Instrumental and relational understanding
[bookmark: _Toc143509822]Why we all read Skemp 
[bookmark: _heading=h.1ksv4uv]Richard Skemp was a pioneering mathematics educator whose work brings together ideas from mathematics, education and psychology. He introduced the idea of two kinds of understanding: instrumental understanding and relational understanding.
In Activity 1, you will explore an example that is not mathematical, but which demonstrates these two kinds of understanding.
[bookmark: _heading=h.n0naqka2bvvg]Activity 1: Following directions
Suggested time: 30 minutes

[image: ]

Ms Patel is late for an appointment at Mandela’s House. She looks up the address on her phone and switches on her GPS app. Thanks to technology, she just manages to make it to her appointment on time. After her appointment, her phone battery dies and she gets lost somewhere in Meadowlands East trying to reach the Dobsonville Mall. As a result, she misses her next appointment altogether. 
1. Why do you think she got lost on the way back?
2. How do you think she got back in the end? 
3. Discuss the pros and cons of using a GPS.
[bookmark: _heading=h.obbnxeee19pk]
[bookmark: _heading=h.44sinio]Discussion of Activity 1
[bookmark: _heading=h.2jxsxqh]The aim of this activity is to show that there are different kinds of understanding. There is no doubt that a GPS is extremely useful but there are downsides to relying on it. We are tempted to follow directions blindly, but then we don’t make the effort to learn the route. If, for some reason, we don’t have access to our GPS we could be stuck, possibly somewhere dangerous. We would not want to get out and ask for directions. Studying a map helps us make connections between where we are and where we want to go. We are far less likely to get lost if we make use of a map before starting a journey. 
[bookmark: _heading=h.g59da4pooq3z][bookmark: _heading=h.i4u7nmmns0k]This brings us to Richard Skemp’s idea of instrumental understanding. Our example of using a GPS or asking for directions would fit into this category. We get to where we’re going by following a set procedure or listening to instructions. It requires minimal cognitive effort, for example to turn left when the GPS instructs us to. 
[bookmark: _heading=h.itu430bsh3ic][bookmark: _heading=h.86qn56mslcpy]The second kind of understanding Skemp introduces is relational understanding. Using our example, we can think of reading a map to figure out a route before going to a new place as involving some cognitive effort. It requires us to connect places together via a route using main roads, highways and subsidiary roads. Making these connections helps us to learn the route. This is an example of relational understanding - using connections between bits of information to make sense of something. It is empowering to make sense of different aspects of our world.
[bookmark: _heading=h.5yd9joqacthk]
Stop and think
How do you think this example relates to the teaching of mathematics?
This activity shows us how the use of a GPS will get the user from A to B, but does not lead to understanding the route or where they are. It is a tool to get them from A to B, but it will not empower them to find their own way from A to B. This relates to mathematics when we rely on formulae and procedures without understanding where they come from. It is a way to solve a particular problem, but it does not develop conceptual understanding of the mathematics. We rely on procedures for every problem instead of learning general principles which can be applied in various situations.
In the next activity, you will use your learning journal. You may already have downloaded the learning journal template from the Programme Introduction at the beginning of this module. If not, download it now, and save it where you can easily find it. If you prefer, you can use another template, or use a paper-based learning journal.
Activity 2 is a summary of Richard Skemp’s article called ‘Relational Understanding and Instrumental Understanding’ (Skemp, 1978). If you are interested in reading the full article, your institution can give you access, or you can create a personal account with jstor at this link http://www.jstor.com/stable/41187667

Activity 2: Making sense of Skemp’s ground-breaking ideas
Suggested time: 90 minutes
1. Read the summary of Skemp’s article ‘Relational Understanding and Instrumental Understanding’ (Skemp, 1978).
2. As you read, make a mind map or notes in your learning journal. 

[bookmark: _heading=h.z337ya]Summary: ‘Relational Understanding and Instrumental Understanding’
Skemp starts out by proposing that there are two types of understanding: instrumental and relational.
When teaching mathematics, he asks, “Does it matter?” that there are two kinds of understanding, and then goes on to ask “Is one kind better than the other?”
These two types of understanding are developed in the classroom by two types of teachers of mathematics – instrumental and relational teachers. Of course, not all teachers are merely one or the other, but, in this article, we are looking at two opposite ways of teaching which lead to two opposite ways of understanding. 
Skemp begins by explaining the problem of a “mismatch” between instrumental and relational understanding.
He gives an example of two soccer teams who end up playing a disastrous game of soccer. The reason is that they are playing different forms of soccer. Team A is playing associative soccer and Team B is playing rugby. They have to sit down and discuss which game they’re playing before they can get going.
Similarly, there can be a mismatch between teachers and students. On the one hand, you may have a teacher who teaches “what to do” (instrumental mathematics) with students who ask “why” (relational mathematics) which the teacher may or may not be able to answer. The teacher may also think that it is unnecessary to explain “why”, and that it is just delaying the progress of the lesson. On the other hand, you may have a teacher who teaches relationally while the students just want to know “what to do”. They want the rule, and are not interested in why it works. However, if the teacher asks a question that doesn’t quite fit the rule, the students won’t be able to answer and will need another rule, and another, instead of “a few principles which can be used more generally”.
Skemp gives the example of a teacher who suspects that his students don’t really understand the concept of area. The teacher asks them to determine the area of a field 20 cm by 15 yards. They quickly answer 300 square cm and the teacher replies, “Why not 300 square yards?” Their reply is, “Because area is always in square centimetres”. This kind of mismatch is not as easy to overcome as in the example of the soccer game.
Another mismatch could be between teacher and text where the teacher is only interested in instrumental understanding, but the text carefully builds towards relational understanding.
Skemp points out that it is not easy for a teacher who teaches instrumentally to change to one who teaches relationally. It requires what Piaget called “accommodation of schema”. This is when new information or experiences change the way we see the world. We accommodate the new information into a new way of thinking. 
Skemp further suggests:
If pupils are still being taught instrumentally, then a 'traditional' syllabus will probably benefit them more. They will at least acquire proficiency in a number of mathematical techniques which will be of use to them in other subjects, and whose lack has recently been the subject of complaints by teachers of science, employers and others.
It looks as though Skemp is in favour of instrumental understanding, but he says that he is playing devil’s advocate. He is pretending to be in favour in order to provoke a thoughtful discussion. Sometimes, in order to understand a certain way of looking at things, it can be helpful to look kindly at the opposite. According to Skemp, there are advantages of instrumental understanding:
· It is easier to ‘understand’. You are given a rule and just have to apply it.
· The rewards are more immediate, and more apparent. It can build confidence when you get a page of ‘sums’ right.
· One can get the right answer more quickly and reliably.

Furthermore, it is easier to mark a question paper that involves instrumental understanding because everyone will give the answer in the same way. This is one of the reasons why teachers tend to stick to instrumental teaching.
Skemp then explains the advantages of relational mathematics and there is no doubt that he favours this type of mathematics. According to Skemp, these are advantages of relational mathematics:
· It is more adaptable to new tasks.
· It is easier to remember (although harder to learn). Skemp contends:
It is certainly easier for pupils to learn that 'area of a triangle = 1/2 base x height' than to learn why this is so. But, they then have to learn separate rules for triangles, rectangles, parallelograms, trapeziums; whereas, relational understanding consists partly in seeing all of these in relation to the area of a rectangle. It is still desirable to know the separate rules; one does not want to have to derive them afresh every time. But, knowing also how they are interrelated enables one to remember them as parts of a connected whole, which is easier. There is more to learn - the connections as well as the separate rules - but the result, once learnt, is more lasting. So, there is less re-learning to do, and, long term, the time taken may well be less altogether.
· Ideas which are needed for understanding one topic relationally, often provide the basis for understanding other topics. Skemp’s example of this is the learning of proportion to understand pi as a relationship between the circumference and the diameter. Proportion is useful for many other areas of mathematics.
· Relational knowledge can be effective as a goal in itself. Others refer to this as intrinsic reward.
· Relational schemas are organic in quality. Understanding something relationally often leads to further exploration of similar and even new ideas. 
Skemp uses the example of learning music in two different ways to help us understand the difference between instrumental and relational teaching.
The first way uses paper and pencil and is just learning theory. Later, when asked to write a simple accompaniment for a melody, this would be extremely difficult and would no doubt sound more technical than musical.
The second way of teaching music is by associating the marks on the paper with their sounds, making them on instruments themselves. In this way the student learns both melody which is represented horizontally on the page and harmony which is presented vertically. The keys are remembered by ear, as well as by seeing them on the paper.
In Skemp’s own words:
The other group is taught to associate certain sounds with these marks on paper. For the first few years these are audible sounds which they make themselves on simple instruments. After a time, they can still imagine the sounds whenever they see or write the marks on paper. Associated with every sequence of marks is a melody and with every vertical set a harmony. The keys C major and A major have an audible relationship and a similar relationship can be found between certain other pairs of keys. And so on. Much less memory work is involved and what has to be remembered is largely in the form of related wholes (such as melodies which their minds easily retain). Exercises such as “Write a simple accompaniment”, would be within the ability of most. These children would also find their learning intrinsically pleasurable and many would continue it voluntarily even after O level or C.S.E.
These examples help us to think about instrumental and relational mathematics.
Instrumental mathematics can be useful in the short term within limited contexts, but it fails the student in the long term. This is borne out by the numbers of adults who are terrified of mathematics and pass this fear onto their children. Skemp quotes Sir Hermann Bondi, an Austrian-born British mathematician, “The negative attitude to mathematics, unhappily so common, even among otherwise highly-educated people, is surely the greatest measure of our failure and a real danger to our society.”
Skemp suggests that this failure is caused by our failure to teach mathematics relationally at all levels of education.
Skemp’s final example is one related to our first scenario in this unit. When visiting a new town or city, one needs at least a couple of routes of how to get to the shops, the sites and back to your hotel or B&B. Nowadays, we would use a GPS for this if going by car. He points out that the goal is to go to those places. If, however, you decide to explore the town without a fixed endpoint, but instead develop your own cognitive map, you end up being able to see the connection between different places and can design your own routes from one to the other. If you got lost you would be much more likely to find your way again.
Skemp suggests that there is a close link between this example and the two ways of learning mathematics.
In Activity 3, you will consolidate your understanding of the difference between relational understanding and instrumental understanding.

Activity 3: The difference between relational and instrumental understanding
Suggested time: 30 minutes
Answer these questions, based on what you have read and reflected on so far. Remember to use your learning journal.
1. What is the difference between relational understanding and instrumental understanding? Use examples from mathematics and from other fields to help you explain.
2. Has Skemp answered his question about whether it matters that there are two ways of teaching mathematics? Explain.
3. Has Skemp made a good argument for which type of teaching of mathematics is better? Explain.
4. Most teachers tend to teach instrumentally? Why is that?
5. Why is instrumental teaching not effective in the long term?
6. How do we know that instrumental teaching is not effective in the long term?

[bookmark: _heading=h.3j2qqm3]Discussion of Activity 3
[bookmark: _heading=h.cisier5ih3yp]Instrumental teaching has been used for many centuries in most of the world. There have been questions around the way mathematics is taught in Asian countries because they consistently perform better in international tests than students in the West. This is backed up by worldwide research, testing Grade 4 and Grade 8 children every four years since 1995 (TIMSS, 1995). Singapore rated top in these tests. South Africa had the lowest ranking, even though Grade 9s answered Grade 8 questions. For this reason, it is really important to take Skemp’s work seriously.
[bookmark: _heading=h.fshv5q22kc58][bookmark: _heading=h.nkoxqfce1ci3]The Skemp article argues for the importance of including relational teaching in our toolbox of mathematics teaching skills. And yet, teachers continue to teach instrumentally. This could be due to a number of reasons. Firstly, it is likely that teachers teach the way in which they were taught. Secondly, Skemp suggests that the short-term benefits of relying on short-term memory are attractive. We have all experienced disappointment with our students’ test and exam results which rely on long-term memory. Thirdly, it is easier to assess by using a memorandum and checking that all the students followed the procedures which they have been taught.
[bookmark: _heading=h.z6kopftb5li8][bookmark: _heading=h.1n157coakq0n]The national exams have started to change, but still include mostly instrumental understanding. This means that students have to rely on their memory of rules and procedures to pass their final mathematics exams. Skemp points out that the long-term gains of relational understanding are far more powerful, long lasting and useful as they rely on only a few general principles which can be applied in various situations.
[bookmark: _heading=h.wvhhb2y2wvo3][bookmark: _heading=h.84xv8194cd5x]Now we will look at different types of tasks which will help you to distinguish between instrumental and relational understanding required by the tasks or parts of a task.
[bookmark: _heading=h.r1uox58dg2ba]
Activity 4: Are these relational or instrumental tasks?
Suggested time: 40 minutes
Answer Activity 4 in your learning journal. 
1. Before working out these short tasks, decide whether they involve instrumental or relational understanding.
2. When you are finished doing the tasks, decide whether you agree with your initial decisions about which type of understanding is involved. 

Task 1
Multiply out the following brackets using the FOIL method (Firsts, Outers, Inners, Lasts).


Task 2
Find the area of a rectangle with sides ( and .

Task 3
If a rectangle has an area of  and the one side has a length of , what is the perimeter of the rectangle?

Task 4
If the area of a circle isand the circumference is 25,12cm, find the actual area of the circle.

Task 5
	If  determine  from first principles.

Discussion of Activity 4 
Task 1 is clearly instrumental. It requires a procedure and even tells what method to use. This method does not require any relational understanding, but only knowledge of how to do basic algebra, i.e., multiplication of terms and addition of integers.
Task 2 asks the student to find the area. It requires making a connection between the area of a rectangle with sides provided in algebraic form. The student may not have done this before. The task does not prescribe a method. This task is therefore relational, although not very difficult on a cognitive level.
Task 3 requires the student to figure out if there is a connection between area and perimeter and how to work out what is needed for getting the perimeter of the rectangle. This is a lot more complex on a cognitive level than just following a formula. It is therefore a relational task.
Task 4 starts by giving the student a formula and looks like it is an instrumental type question. However, the information requires the student to find the connection between what is given and what needs to be worked out. Again, this is a relational task. 
Task 5 is a standard question which is found in many exams. It refers to a procedure which is taught to students when learning calculus for the first time. This procedure takes effort to learn but the question is still instrumental. It does not require an understanding of the concept of calculus to complete the procedure. 
The question in Activity 5 is adapted from the National Senior Certificate Vocational (2021) MATHEMATICS (Paper 1). It involves thinking about the dimensions of a ramp suitable for wheelchairs. 

Activity 5: What’s in a hospital ramp?
Suggested time: 40 minutes
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1. A group of engineering students are building a ramp for a hospital so that wheelchairs can easily go in and out. They begin with an angle of 30° and a base length of 6 metres.
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a. Find the length of the ramp. 
b. If the angle of elevation is decreased by 7°, which other dimensions will change and how will they change? Show all calculations. 
c. Write down which kind of understanding is required for the questions above.
d. What is the difference in height of the ramp between the original dimensions and the dimensions when the angle is decreased by 7°?
e. Ramps for wheelchairs are supposed to be in a ratio of 12:1 for base: height. Is this ramp suitable for wheelchairs, and, if not, how would you adjust it so that it is wheelchair friendly?

Discussion of Activity 5
In Activity 5, Question (a) is an instrumental question requiring the students to use cos30° to find the length of the ramp.
Question (b) to (e) have been added to make the question more challenging. 
Question (c) asks which kind of understanding is required for (a) and (b). We know that (a) is an instrumental question, but (b) is more relational. Question (b) requires the student to visualise what is going to happen when the angle of elevation is increased. 
Question (d) requires the student to compare the height before and after the angle is increased. It is making a connection between the two, which is relational.
Question (e) also requires relational understanding (because the student has to apply the same thinking in a different context).

Let us take a look at more questions from TVET exams. 
Question 3.2 in Activity 6 is from the August 2010 MATHEMATICS (Paper 2) for N3 level students. The question is from analytical geometry and has the potential to be extremely instrumental (using formulae to solve questions). However, it is also relational, as can be seen in Question 3.2.1 where the student is required to make connections between geometry and algebra by working on the cartesian plane.


Activity 6: A triangle on the Cartesian plane - combining algebra and geometry
Suggested time: 60 minutes
Answer question 3.2 in your learning journal.

[image: ]
Discussion of Activity 6
Question 3.2.1 requires knowledge of the theorem involving the angle in a semicircle and then thinking how to apply it to solve the problem. 
To make this question more explicit as a question requiring relational thinking, we could ask the student to explain their thinking about how to prove that ㄥPQR = 90 °. It would help them think through the importance of combining their knowledge of geometry and algebra by working on the Cartesian plane. It is one thing to know that the angle in a semicircle = 90°, but how does that help them prove ㄥPQR = 90 °?

Stop and think
First try to answer Question 3.2.1 in detail before reading the rest of this discussion.

There are a range of possible explanations apart from merely saying that we need to show that PR is a diameter of a circle passing through point Q. Another possible detailed explanation might be as follows: If ㄥPQR = 90 ° then points P, Q and R must be points on a circle with PR as diameter. If we can show this to be the case, then it means that ㄥPQR = 90 °. We start with finding the midpoint of PR and name it F. We do that by equating the two given equations of line PR and QR to find the coordinates of point R. We then use the midpoint formula to find the coordinates of F, the midpoint of PR which we are trying to show is the diameter of the circle. If PR is the diameter, then the radii, FP will be equal to FR as well as FQ. To show that FP = FR = FQ, we use the distance formula but need the coordinates of Q which is on the y axis. To do this, we substitute x = 0 into the equation of QR and get y = 3 so Q(0;3).
This explanation works backwards from what we are trying to prove and all the steps needed to get there. These elements are the coordinates of R, Q and the midpoint of PR which we named F.
Question 3.2.2 uses a procedure of finding the equation of a line when you have the coordinates of two points. This is an instrumental question.
Question 3.2.3 makes use of the distance formula to find the length of PQ, which is also instrumental.
Question 3.2.4 uses the midpoint formula which also involves instrumental thinking.

For Activity 7, you need to use the formula for vertical motion which is h = -16t2+ where h is maximum height, t is time in seconds, v is the velocity, and s is the starting height. 

Stop and think
What kind of equation is h= -16t2+? Why is it used to represent the height of a ball?

The next activity is in feet per second because these are the units used in Chicago, America. You will convert your answer into metres at the end. 
Activity 7: Throwing tennis balls
Suggested time: 60 minutes
Answer Activity 7 in your learning journal.
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Three friends, living in Chicago, throw a tennis ball into the air. Yolanda throws from a starting height of 6 ft at a velocity of 46 ft per second.
1. After how many seconds will the ball hit the ground?
2. Sami also throws from a height of 6 ft but at a velocity of 42 ft per second. 
a. Explain how you decide whether Sami’s tennis ball will hit the ground before or after Yolanda’s tennis ball. 
b. Then work out the answer using the formula to see if you are correct. 
3. The third friend, Zinhle, throws their ball from a height of 5 ft at a velocity of 50 ft per second.
a. Estimate which ball you think reaches the highest point before falling.
b. Calculate the answer and give your answer in feet. 
c. Now calculate the answer in metres.
4. What aspect of the question do you think makes the most impact on the height - the starting height or the velocity? Explain your thinking and show any extra calculations you might do to reach a conclusion.
5. Does the use of a formula turn this question into an instrumental type question? Explain your thinking.

Discussion of Activity 7 
Yolanda’s ball will hit the ground after 3 s and Sami’s ball will hit the ground after 2,6 s. This suggests that the lower the velocity, the sooner the ball hits the ground which is counter intuitive (not what you expect).
Zinhle’s ball reaches the highest point, which is 58,04 ft.
58,04 divided by 3,28 = 17,7 m.
Yolanda and Sami have the same starting point of 6 ft but Yolanda throws with a higher velocity than Sami. The height which Yolanda’s ball reaches is higher than Sami’s ball. This suggests that velocity has the most impact, but that we should check this suggestion.
If we work out the height of Sami’s ball with the same starting point as Zinhle, we get a height of 32,56 ft which is a lot less than Zinhle’s highest point. This confirms the suggestion that the velocity, not the starting point, makes more of an impact on the highest point. Be careful that you don’t take this as proof. It is a suggestion and would need more work to say that it has been proved.
The use of a formula means that there is a procedural element to the question, but other questions like “What kind of equation is h= -16t2+?”, and Questions 2, 3(a), 4 and 5 in Activity 7 can lead to a deeper understanding of the problem. 

In Activity 8, there is question involving a formula. Figure out which part of the question is instrumental and which part (if any) is relational.

Activity 8: Oh, what a heavy load!
Suggested time: 60 minutes
[image: ]Answer Activity 8 in your learning journal.

To raise a load weighing w tons, a crane with a fibre cable having a diameter of d inches may satisfy the inequality 2)2where d is the diameter of the cable and w is the weight of the load measured in tons. There are many more factors involved, such as the strength of the cable, the type of crane, the angle of lift, etc. For our purposes, we will use this simple formula. 
As the load gets heavier it requires a cable with a larger diameter. 
Answer these questions in your learning journal. 
1. Is a cable of 3 inches in diameter large enough to lift an object weighing 6 tons? 
2. Do you think a cable with a diameter less than 3 inches will be able to lift a load of 5 tons? Explain. 
3. What is the smallest diameter of a cable that can lift 5 tons?
If you have a simple calculator that cannot give you the square root of a number, how would you find the  if 11,2 represents d2? Start by estimating an answer and then refining it to at least four decimal places. You may use a calculator but do not use the square root button.

Discussion of Activity 8
1. A cable of 3 inches will not satisfy the inequality and will therefore not be able to lift a 6-ton object.
2. A cable of diameter less than 3 inches will most likely be able to lift 5 tons as the cable of 3 inches almost satisfies the inequality, but not quite. We could also just plug in diameters less than 3 inches to check.
3. This is what we will do to figure out the smallest diameter of a cable that can lift 5 tons. 
· The answer will be something less than 2,76 inches. You can also work it out by using the formula. 
· To find the square root of a number using a calculator, but not using the square root button, is a long and fascinating process. It is best to write down your estimates and subsequent answers which will help you to make more accurate estimates.
· We begin by estimating that  lies somewhere between root 9 and root 16, so somewhere between 3 and 4. As 11,2 is closer to 9 than it is to 16, we can estimate that the answer will be less than 3,5. 
· On the calculator we try 3,42 and get an answer of 11,56 which is greater than 11,2.
· This means that 3,42 is bigger than . 
· Now we try 3,32 and we get an answer of 10,89.
· Now we know that 3,3 is too small so the answer lies somewhere between 3,3 and 3,4. 
· This means we need to include a 2nd decimal. We could try 3,352.
· We continue with this process and may even get to 5 or 6 decimals before getting the actual answer. This process helps us to really understand the way decimals work by requiring us to use smaller and smaller decimal amounts to get to the right answer, which in the end can be verified using the square root button on the calculator. 
Activity 9 is the final activity of this unit. For this module to be effective, you will be given opportunities to reflect on your own teaching. This is the first reflection.

Activity 9: Reflection on Unit 1
Suggested time: 60 minutes
Answer Activity 9 in your learning journal.
1. How would you describe your own teaching style, now that you have an understanding of these two distinct ways of teaching?
2. If you have described yourself as an instrumental teacher:
a. Write down your thoughts about the value of relational teaching.
b. Would you consider changing to relational teaching? If so, why?
3. What challenges do you think you will have in trying to change your teaching style? 
4. Choose a lesson which you think you have taught instrumentally and redesign it into a lesson aiming for relational understanding.
[bookmark: _Toc143509823]Discussion of Unit 1
We have come to the end of Unit 1 which is the grounding for the rest of this Mathematics Method module. You may be wondering whether to rid yourself of all traces of instrumental teaching. You may also be wondering how students are going to learn the mathematics in the curriculum which is full of procedures. The aim is to balance the two kinds of understanding so that students develop both, instead of only learning rules and procedures. Once students have grasped the underlying concepts of the mathematics, they still need to practise the procedures which should be easier to carry out and to remember. Over time, you will automatically be asking questions of students which involve relational thinking, and assessing both their instrumental and relational abilities.
In Unit 2, we build on what you have learned in Unit 1 by going into more detail and, in particular, look at the cognitive requirements of various tasks. 

[bookmark: _1y810tw][bookmark: _Toc143509824]Unit 2: Digging deeper into the nature of student tasks 
[bookmark: _4i7ojhp][bookmark: _Toc143509825]Introduction
In Unit 1, you learnt about the difference between relational and instrumental understanding (Skemp, 1978). In Unit 2, we build on these ideas and subdivide the two categories into four cognitive levels, using different terminology but with similar meaning. We look at familiar, as well as unfamiliar, tasks and analyse them according to the four cognitive levels. 

[bookmark: _2xcytpi][bookmark: _Toc143509826]Unit 2 outcomes
[bookmark: _Hlk141001626]By the end of this unit, you should be able to:
1. Distinguish between the cognitive demands of various types of mathematics problems according to the taxonomy of Smith, Schwan and Stein (1998) 
1. Analyse tasks according to the Smith et al taxonomy
1. Design and/or select tasks according to the Smith et al taxonomy.


[bookmark: _1ci93xb][bookmark: _Toc143509827]Lower and higher order thinking
[bookmark: _3whwml4][bookmark: _Toc143509828]Identifying different levels of thinking in mathematics tasks 
This unit starts with a warm-up task in Activity 10.
For the activity, you will use your learning journal again. Your learning journal is a record of what you learn as you progress through this unit and through the whole of the Mathematics Method module.

Activity 10: Warming up
Suggested time: 30 minutes 
Answer Activity 10 in your learning journal. 
Write down which of these problems require relational understanding and which require instrumental understanding.
1. You have a measuring cup (300 ml). How can you use it to measure 2 700 ml of oil? 
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2. How many litres is 372 ml? 
3. You have a 5-litre container and a 3-litre jug. How can you take 4 litres of oil out of a large bowl of oil using a container and a jug? You may pour oil back into the bowl.
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4. [image: C:\Users\sheilad\South African Institute for Distance Education\AdvDipTVT_Phase 2 (082) - Documents\Module_Mathematics Method\Multimedia\Unit 2 Activity 10-03.jpg]You have three measuring cups (200 ml, 250 ml and 300 ml). Show different ways in which you can use these containers to measure 1 500 ml of oil. 
Discussion of Activity 10
It is likely you decided that Questions (1) and (2) require only instrumental understanding and that Questions (3) and (4) require relational understanding. How can we further subdivide these so that (1) and (2) are in separate categories and (3) and (4) are also in different categories. Did you notice that Question (1) involves a calculation, but is fairly routine? Question (2) just asked a factual question, “How many litres is 372 ml?”. 
You may think of Question (3) as an unfamiliar kind of question which you do not often see. It involves some thinking and trying out. Finally, Question (4) is more challenging, but it is fairly easy to get started and figure out the various answers.
Here is a summary of the discussion showing a subdivision of instrumental and relational thinking.

	Question 1: Instrumental - a routine calculation
	Question 3: Relational - unfamiliar task requiring reasoning

	Question 2: Instrumental - a factual question
	Question 4: Relational - a non-routine type of calculation



[bookmark: _ud5d7eirlixb][bookmark: _Toc143509829]Smith, Schwan and Stein’s taxonomy
A taxonomy is a set of categories, a thinking tool which helps us analyse a range of material. 
Smith, Schwan and Stein (1998) have produced a taxonomy of mathematical thinking which helps us to decide on the cognitive levels of a task. The cognitive levels indicate what kind of thinking and understanding is necessary to complete the task and, at the same time, what kind of thinking and understanding is being developed by doing the tasks. 
The cognitive levels are stated in Table 1 as a refinement of Skemp’s instrumental and relational categories.

Table 1
	Instrumental (Skemp)
	Relational (Skemp)

	Lower-order cognitive levels (Smith et al)
	Higher-order cognitive levels (Smith et al)

	Level 1: Memorisation
	Level 3: Routine task with connections

	Level 2: Routine task without connections
	Level 4: Doing mathematics


In this refinement, instrumental thinking is now called “lower-order cognitive levels” which are levels 1 and 2. Similarly, relational thinking has become “higher-order cognitive levels” which are levels 3 and 4. After working with these cognitive levels, we may feel that further subdivisions are needed. 

Stop and think
Write in your learning journal what you have learnt by doing and following the discussion in Activity 10. Write down any questions or thoughts that you have at this stage.

Activity 11 requires you to think more deeply about the four different categories in Table 1 and the levels of demand. The first task is a preparation for the second task.

Activity 11: Levels of demand - in our own words
Suggested total time: 60 minutes
Answer Activity 11 in your learning journal.
Task 1
The following four descriptions from the taxonomy describe the levels of demand. Below each one, we have rewritten them in our own words and allocated them to one of the four categories of Smith et al.
Read each level of demand, and our rewritten description in brackets.
1. “Require limited cognitive demand for successful completion Little ambiguity exists about what needs to be done and how to do it.” 
[Not much thinking involved. Straightforward and easy to understand what to do and how to do it. This matches level 2 - routine task without connections.]
2. “Require some degree of cognitive effort. Although general procedures may be followed, they cannot be followed mindlessly. Students need to engage with conceptual ideas that underlie the procedures to complete the task and that develop understanding.” 
[Requires some thinking and understanding to do the calculations. This matches level 3.]
3. “Are not ambiguous. Such tasks involve the exact reproduction of previously-seen materials, and what is to be produced is clearly and directly stated.”
[Easy to follow. Involves remembering mathematical facts. This matches level 1.]
4. “Require considerable cognitive efforts and may involve some level of anxiety for the student because of the unpredictable nature of the solution process required.”
[A lot of thinking and effort is involved and may even cause some distress if a student is not used to unfamiliar tasks without obvious ways to solve them. This matches level 4.]
Do you agree with how we have rewritten the levels of demand, and categorised them? What would you change?
It is important to think deeply about these questions as the rest of the unit depends on your understanding of these categories. At the same time, working through this unit will develop that understanding.
Now do Task 2.
Task 2
As we did in Task 1, in your own words, rewrite the following descriptions of levels of demand from the taxonomy, to assist you in understanding their meaning. Then decide in which category they each belong.

1. “Suggest explicitly or implicitly pathways to follow that are broad general procedures that have close connections to underlying conceptual ideas as opposed to narrow algorithms that are opaque with respect to underlying concepts.”
2. “Have no connection to the concepts or meaning that underlie the facts, rules, formulas, or definitions being learned or reproduced.”
3. “Are algorithmic. Use of the procedure either is specifically called for or is evident from prior instruction, experience, or placement of the task.”
4. “Require complex and non-algorithmic thinking – a predictable, well-rehearsed approach or pathway is not explicitly suggested by the task, task instructions, or a worked-out example.”
Compare what you have written and how you have categorised the levels of demand with what you read in the following discussion of the activity.

Discussion of Activity 11 Task 2
Now take a look at the taxonomy of Smith et al (1998) to see if you are on the right track.
In this taxonomy, you will notice that the left-hand column relates to instrumental understanding and the right-hand column relates to relational understanding, according to Skemp.

	Lower-level demands (memorisation):
· Involve either reproducing previously-learned facts, rules, formulas, or definitions or committing facts, rules, formulas or definitions to memory
· Cannot be solved using procedures because a procedure does not exist or because the time frame in which the task is being completed is too short to use a procedure
· Are not ambiguous as such tasks involve the exact reproduction of previously-seen material, and what is to be reproduced is clearly and directly stated
· Have no connection to the concepts or meaning that underlie the facts, rules, formulas or definitions being learned or reproduced.
	Higher-level demands (procedures with connections):
· Focus attention on the use of procedures for the purpose of developing deeper levels of understanding of mathematical concepts and ideas
· Suggest explicitly or implicitly pathways to follow that are broad general procedures that have close connections to underlying conceptual ideas, as opposed to narrow algorithms that are opaque with respect to underlying concepts
· Develop meaning by making connections among multiple representations, such as visual diagrams, manipulatives, symbols and problem situations
· Require some degree of cognitive effort; although general procedures may be followed, they cannot be followed mindlessly; need to engage with conceptual ideas that underlie the procedures to complete the task successfully and that develop understanding.

	Lower-level demands (procedures without connections):
· Require algorithmic thinking; use of the procedure is either specifically called for or is evident from prior instruction, experience or placement of the task
· Require limited cognitive demand for successful completion; little ambiguity exists about what needs to be done and how to do it
· Require no connection to the concepts or meaning that underlie the procedure being used
· Focus on producing correct answers instead of on developing mathematical understanding
· Require no explanations or explanations that focus solely on describing the procedure that was used.

	Higher-level demands (doing mathematics):
· Require complex and non-algorithmic thinking - a predictable, well-rehearsed approach or pathway is not explicitly suggested by the task, task instructions or a worked-out example
· Require exploring and understanding the nature of mathematical concepts, processes or relationships
· Demand self-monitoring or self-regulation of one’s own cognitive processes
· Require accessing relevant knowledge and experiences and using it appropriately in working through the task
· Require analysis of the task and active examination of task constraints that may limit possible solution strategies and solutions
· Require considerable cognitive effort and may involve some level of anxiety because of the unpredictable nature of the solution process required.



In Activity 11, we tried to make sense of the descriptions in the four different levels of the taxonomy. We did this by looking carefully at each description and rewriting them in our own words. You may be wondering why we did this. Can’t we just say level 1 is the easiest and level 4 is the most difficult? The taxonomy gives us a more detailed understanding of mathematical tasks so that we can include level 3 and 4 into our teaching. They are more challenging questions and we need to understand what makes them more challenging. Level 3 is not a more difficult version of level 2. It is different because it requires different thinking skills. If we think back to the Module Overview at the start of this module, we can now understand that level 1 and 2 of the taxonomy are only sufficient for unskilled factory work but they are no longer enough for our ever-changing world where we are required to solve unfamiliar problems.
Further discussion
Instead of memorising the taxonomy, you did two activities to engage with it before you even saw the taxonomy and how it can be used. How helpful did you find these activities in understanding the different levels of the taxonomy?
Would you consider using similar types of activities with students when teaching them?
What kind of material could they be learning in this way?
Perhaps you could teach the volume and surface area of various solids by first exploring them and only teaching the formulae at the end. This would be similar to how you have just learnt about Smith et al’s taxonomy. In this way, students get more of a chance to engage with the dimensions of a solid and how the volume of one solid may relate to another. Once the formulae are offered to students, the level moves from level 3 or 4 to a level 2 and applying formulae becomes the principal task. 
There are two things to take into account:
1. We need to match the task to the level of the student. An NCV 2 student may find the activity about volume and surface area far more challenging than an NCV 5 student when trying the same task. In general, we need to take age, prior knowledge and experience into account when choosing tasks. 
2. We need to look beyond the superficial features of a task which may “look” higher order and actually be lower order, and vice versa. This is referred to in Activity 14 Task 1 question 3 when we discuss problems with context.

Stop and think
Write in your learning journal what you have learnt by doing and carefully engaging with the discussion in Activity 11. Write down any questions or thoughts that you have at this stage.


Activity 12: Mix and match
Suggested time: 45 minutes
Make an enlarged copy of the taxonomy you saw in Discussion of Activity 11 Task 2 and print it out. Cut out all the headings and each description separately. Mix them up and then try to put the whole taxonomy together again. The descriptions do not have to be in order as long as they are under the correct four headings. If you can do this, then you are getting a good grasp of the different kinds of tasks and the understanding and thinking being developed by the tasks. 

Discussion of Activity 12
The aim of Activity 12 was to introduce another alternative to rote learning the details of the taxonomy. It is not necessary to know each description by heart, but being able to say where they each fit, is important. 
Similarly, learning the 12-times table by rote is useful, but putting them into context is what matters. Understanding how the tables connect or don’t connect to each other - and seeing the connections between the tables, multiples and factors is far more useful than just knowing them. What about formulae? Knowing them off by heart is level 1, but knowing how to apply them, at level 2 or even 3, is what is important.
Stop and think
Write in your learning journal what you have learnt by doing Activity 12. Do you think this is an activity you could use when there is a lot of information to be learnt, such as for theorems? 
Now that you are familiar with Smith et al’s taxonomy, we can start to use it to analyse two tasks in Activity 13.

Activity 13: Matching tasks to cognitive levels
Suggested time: 45 minutes
Answer Activity 13 Task 1 and Task 2 in your learning journal. 
Task 1
1. Solve these equations by completing the square.



2. What cognitive level is Task 1?

Task 2
1. Explain how the following diagram represents completion of the square.
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2. If you need help, read the following prompts (clues or tips).

Prompt 1:
We could draw a small rectangle with sides x and 2 and ask what this is telling us? What do we know about this rectangle?
x
2





This should make the link to the bigger diagram. If not, try to work out what the diagram is telling us, what it shows and what it doesn’t show (the area of each piece of the diagram). This may be enough for you to continue. If this isn’t enough, prompt 2 may help.
Prompt 2:
The corner squares have dotted lines. This shows that they are not part of the diagram. What could this mean? (Answer: We need the corners to complete the area of the big square.)
Prompt 3:
Let us go back to the wording of Task 2 to see what is required. It is an explanation which can be algebraic, but we need to make sure it is an explanation and not just a calculation. We can do this by using written explanations of what is happening when relating the algebra to the diagram.

Discussion of Activity 13
Both tasks in Activity 13 are about the same topic, but they are very different types of questions and are not at the same level. 
Task 1 is a routine task, even though it requires practice for learners to remember how to do it. It can only be done after being shown the procedure a few times.
We can place it at level 2 - procedures without connections. Each student is expected to answer it in exactly the same way, making it easy for lecturers to mark. This is one of the reasons we keep asking these kinds of questions and use a marking memo with marks assigned to particular steps. As soon as we move into cognitive level 3 and 4, the marking becomes flexible and is often more suited to rubrics than memos. 
Without the prompts, Task 2 can be seen as a level 4 question - doing mathematics. Prompts 1 and 2 require an interpretation of the diagram. In order to see what the diagram represents, we need to think in a different way from the usual style of mathematical questions. It is like changing mental gears. It requires us to think visually about a problem which is usually asked algebraically. To complete the square, we use the area of the bits that are given and the bits that are missing which are the corners: we have 2 in the centre and 4 strips of  which gives . The corners are missing and these are 4 squares of 25 each. So, we need 100 to complete the square. Some students may see this immediately and others may find this task challenging and require the prompts.
[bookmark: _Toc143509830]Giving prompts
If we give this activity to students, and they need assistance getting started, we could use the above prompts.
It is important that the prompts, while helping the student to get going and proceed through the task, are not lowering the cognitive level of the task. Remember that students may be experiencing some anxiety at this stage and we want to reduce their anxiety. 
We can try to assist by giving prompts which help students think about things in a different way, instead of telling them what to do and giving away the answers. In Unit 5, you will explore “Math Talk”, which includes finding new ways of asking questions and pointing out different aspects of a question so that students can figure it out themselves. 
It is tempting to give answers or part answers when a student is anxious and struggling. Be careful not to be pressured by student anxiety into lowering the cognitive level of a task or an activity, from “doing mathematics” to “routine procedures without connections”. We refer to this in Unit 1 as going from a relational type question to an instrumental type question, by merely doing the calculation.
The Russian psychologist, Lev Vygotsky, developed the important idea of a Zone of Proximal Development (ZPD) in theory of learning and development. The ZPD is that space between what a learner can do without assistance and what a learner can do with adult or capable peer guidance (Vygotsky, 1978). If we think of it in terms of Vygotsky’s ZPD model, the task is moving out of the ZPD to something which the students already know. This means that the learning of the student is not progressing. No effective learning is happening. 

Stop and think
In your learning journal, write what you have learnt by doing and engaging with the discussion in Activity 13.
What have you learned about the importance of the taxonomy and the various cognitive levels? 
What have you learned about the types of prompts?
At what stage of teaching “completion of the square” would you introduce Task 2. Explain your thinking.

Task 1 in Activity 14 introduces new ways of asking questions about trigonometric ratios . Task 2 introduces the possibility that different parts of a task can require different cognitive levels. 

Activity 14: What if my calculator does not work?
Suggested time: 60 minutes
Do Activity 14 in your learning journal. Make notes about anything which you may not have expected.

Task 1
1. How can we find the answer to tan40° if we have a faulty calculator and can only use the sine function?
a. Decide and write down which cognitive level Question 1 matches. 
b. Compare the cognitive level of Question 1 with Questions (2) and (3) below. 

2. How can we find the answer to tan30° in this diagram on your calculator without using the tan function?
[image: C:\Users\sheilad\South African Institute for Distance Education\AdvDipTVT_Phase 2 (082) - Documents\Module_Mathematics Method\Multimedia\Unit 2 Activity 14 Task 1.jpg]







3. Using the trig ratios of ‘special angles’, show that tan30° = sin30° cos30°. 


Task 2 
1. Simphiwe is studying architectural drawing and has constructed this model of a roof. 
[image: C:\Users\sheilad\South African Institute for Distance Education\AdvDipTVT_Phase 2 (082) - Documents\Module_Mathematics Method\Multimedia\Unit 2 Activity 14 Task 2.jpg]










a. What shape is the roof? 
b. The length of the sides is 40 cm and the length of the base of the roof is 60 cm. If R(x; 30cm) is the vertex between the sides and the top of the roof, determine the horizontal length of the top of the roof. Before doing any calculations, imagine what your answer could be? Will it be < 10 cm or perhaps > 20 cm?
c. Determine the angle of elevation of the roof?

2. Copy the table below. Decide on the cognitive level of Question (1a), (1b) and (1c) of Task 2, and write the letter a, b or c in the relevant block. Then give a cognitive level to the whole of Task 2. 

	Level 1: Memorisation

……………………..
	Level 3: Procedures with connections

……………………..

	Level 2: Procedures without connections

…………………….
	Level 4: Doing mathematics

……………………..



Discussion of Activity 14
To answer Task 1 (1), you needed to use the quotient identity, tan40° = sin40°  cos40°.
But cos40° = sin50° (cofunctions). 
So tan40° = sin40°  sin50°. You made use of the quotient identity as well as the cofunction of cos40° to solve the problem. We can see this as a cognitive level 3 question as it involves more than just a routine calculation. 
Task 1 (2) only requires knowledge of the quotient identity which makes it a level 2 question. Level 1 would have been to state the quotient identity itself or to answer tan30° = … divided by ….
Task 1 (3) looks like a level 1 question, but is probably closer to a level 3 question as it has to make the connection between the quotient identity and the special angle of 30 degrees. 
Task 2 is a contextual question about the dimensions of a model of a roof. We think that contextual questions are automatically cognitive level 4, but let us first analyse it. It requires basic knowledge of trigonometry and makes use of the Theorem of Pythagoras. 
Task 2 (1a) is a factual question which is level 1. 
Task 2 (1b) requires making connections between what can be calculated using Pythagoras and basic trig. Did you get 7,1cm? Is this what you expected? Remember that it is only a model of a roof. 
Task 2 (1c) requires finding the angle of elevation (knowing what it is and how to see it) using a trigonometry ratio which involves a connection between the two. The question overall is not a routine procedural question. It is therefore closer to cognitive level 3. It requires making connections but does not require a new way of thinking, which would be level 4.

Stop and think
In your learning journal, write what you have learnt by doing and following the discussion in Activity 14. Write down any questions or thoughts that you have at this stage.

Activity 15 is adapted from an activity by M Driscoll in Fostering Algebraic Thinking (1999). Find a way to solve the questions and then decide which cognitive levels apply to the activity. 

[bookmark: _Hlk140744454]Activity 15: Cycling in Mozambique
Suggested time: 45 minutes
Work through the activity and write responses in your learning journal. Focus on the cognitive level of the activity as a whole and each of its parts. Draw up a table as in Activity 14 and indicate the levels in your table. 
Cycling in Mozambique
[adapted from Driscoll (1999)]
A river in Mozambique has flooded its bank and a family of eight adults and two children have been stranded in Town A near the banks of the river. They are desperate to get to the nearest town, Town B, but there is no boat within sight. There is, however, a small bicycle with flattish tyres. The bicycle is able to hold one adult or one child or even two children if necessary. Fortunately, all 10 people know how to ride a bicycle. Our job is to get them to Town B with this one bicycle. 
a. How many trips in total will it take for the whole family to cycle from either Town A to Town B, or Town B to Town A?
b. How can we get two children and 10 adults from Town A to Town B?
c. How can we get two children and  adults from Town A to Town B?
d. Explain your rule and see if it works for two children and 200 adults.
e. What else could we work out? What about 10 adults and three children? What about 10 adults and four children?
f. Can you come up with a rule for any number of children and any number of adults?

Discussion of Activity 15
This is clearly an unfamiliar, non-routine type task, but the steps guide us on how to get to a solution. There is no clear path to an algebraic solution, but it does suggest that there is an algebraic solution. We need to follow the steps in (a) to (f) in order to solve this problem, starting with a practical approach of physically moving things back and forth, set out on a table, until a possible rule emerges. 
This non-routine type task requires us to “do mathematics”, sometimes even using physical objects to stimulate our thinking about the patterns involved. Let us explore this idea of “doing mathematics” some more.
[bookmark: _Toc143509831]Doing mathematics
Engaging in the science of pattern and order requires effort and often takes time. This effort is well worth while, because of the quality of learning that it facilitates. It is more desirable that students understand and are able to see the learning, rather than merely seeming to do so by answering artificially constructed test questions. Activity 16 will illustrate this.

Activity 16: Making connections
Suggested time: 60 minutes plus 60 minutes in-class
Answer Activity 16 in your learning journal. The material is aimed at school teachers but the concept of “doing mathematics” is the same.
Activity 16 is based on and adapted from Activity (6): Problem-solving: number pattern activity taken from Unit 1 of Teaching and Learning Mathematics in Diverse Classrooms (Saide, 2008). 
1. First try to solve the problem in Activity (6) without using the three steps provided.
2. Then work through the three steps as suggested.
3. Reflect on the cognitive levels of each aspect of the activity, which has already been identified as “doing mathematics”.  Does the process of “doing mathematics” (mathematising):
a. Provide a real problem-solving situation?
b. Encourage enquiry, exploration and investigation of numbers?
c. Stimulate the learning of regularity and order of numbers?
d. Require the teacher to guide and pose thought-provoking questions?
e. Involve the learners in actively doing mathematics and discovering rules?
4. Now, try out the activity if you can with one of your classes. You should be well prepared for whatever routes they take to solve the problem. 
 
	Activity (6): Problem-solving: number pattern activity
Solve the following problem:
Ten cities in South Africa need to be directly connected to all other cities by a telephone line. How many direct connections are needed?  (Paling & Warde, 1985).
Reflect on the following method and solution in the three steps.
One approach would be to follow the three steps given below – but you are at liberty to use any other problem-solving techniques. If you try this problem out with one of the classes that you are teaching, it will be interesting for you to observe the different strategies that your learners use. Remember not to guide them too closely, let them think the question through and think of how to go about drawing it up and finding the solution.
Step 1: UNDERSTAND THE PROBLEM: for example, three or more cities are not situated in a straight line. What do we need to do about it? We need to make sure that every one of the 10 cities is connected by a line, which we will use to represent a telephone connection.
Reflection: To carry out this step, the learners need to have the language skills to read and interpret the problem. They need to be able to visualise the problem, and then use their mathematical knowledge to move into the next step in which they represent the problem symbolically and numerically.
Step 2: DEVISE A PLAN: Reduce the problem to simpler terms – start with one city, and then two cities, then three cities, and so on.
Reflection: To carry out this step, the learners need to use their mathematical knowledge to think about how to represent the problem symbolically and numerically. Here learners also need to use strategic reasoning. The idea to develop a pattern by building up the number of cities from one, to two, and then three, and so on, is essential to the solution to this problem. This is where we see the pattern element of the problem coming through.
Step 3: CARRY OUT THE PLAN:  Use drawings and write down a sequence to establish the pattern, formulate conjectures, test conjectures and generalise.
Using drawings:
	Number 
of cities
	1
	2
	3
	4
	5

	Drawing
	

[image: ]
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	[image: ]

	Number of connections
	0
	1
	3
	6
	10

	Establishing
a pattern (rule)
	0
	0 + 1
	0 + 1 + 2
	0 + 1 + 2 + 3
	0 + 1 + 2 + 3 + 4
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	[image: ]


Reflection: To carry out this step, the learners need to use their mathematical knowledge to represent the problem. Here they will use procedures and skills that they have been taught, but they will need to reason about the way in which they apply this knowledge. They will think about doing drawings of the first few cases, but as soon as they can see that there is a pattern emerging, they need to analyse the nature of the pattern. Learners can base their final solution on the basis of this pattern, by using the same reasoning to find the total number of connections of six cities, seven cities, and finally 10 cities. (Use drawings and test your conjecture/rules.) When learners do this, they are moving onto the next step.
[image: ]Step 4: EVALUATE AND EXTEND THE PLAN FOR n CITIES:  If there are n cities, how many connections will there be?
Let us use a simpler example. 
For five cities:
Each city will be connected to four other cities, i.e., (5  1) = 4.

There will be five such cases, i.e., from A, B, C, D and E. 
From this we have 5 (5  1) connections.

[image: ]The connection from A to C is the same as C to A.  

This is the same for each case. So divide by 2.
We therefore get [image: ]
Now write down the number of connections for n cities.
This would give us [image: ] as a formula to work out the number of connections between n cities.
For 10 cities we therefore get [image: ]

Reflection: The solution of this problem illustrates the idea that mathematics can be seen as the “science of pattern and order”. The pattern was established though drawings made of the connections between up to five cities. Using the drawings, a numeric pattern could be established, which could be used to work out how many connections there would be between 10 cities. Learners will not all follow the same steps, or carry out the steps in the same order. As the teacher, you need to be flexible, and follow the learners’ thinking. You need to probe and guide, without leading too explicitly, so that the learners are able to make connections and develop their mathematical understanding, in short, so that they can be involved in “doing mathematics”.



Discussion of Activity 16
How can a level 4 task help our students learn the procedures they need to know and use in their courses?
Activity 16 helps us to understand the difference between ‘drilling’ previously learned algorithms and ‘doing mathematics’. The idea is not to cut out level 1 and 2 tasks altogether, but to practise them after developing the understanding of the mathematics through higher-order activities. The authors of Teaching and Learning Mathematics in Diverse Classrooms remind us: “Repetitive drill of the bits and pieces is not ‘doing mathematics’ and will never result in understanding. Only when students are capable of making sense of things by the actual ‘doing’ of mathematics, are they being truly empowered”.

Activity 17: What more can we learn from Smith et al?
Suggested time: 90 minutes
Answer Activity 17 in your learning journal.

1. Read the article by Smith, Schwan and Stein (1998). As you read, make a mind map of the ideas in the article. This article is not an OER. You will need to access it through your university library. The website link is in the reference list.
2. Now answer the following questions about the article:
a. What are the problems with the traditional way of teaching mathematics where the lecturer explains how to carry out a procedure and then the students practise the procedure?
b. Is it not sufficient to analyse activities as relational or instrumental? What does the table with four cognitive levels add to our thinking about tasks?
c. How do these authors argue and justify the need for the four cognitive levels?

Discussion of Activity 17
The traditional way of teaching mathematics does not develop mathematical understanding. It tends to remain at the lower order level of thinking where students are expected to regurgitate what the teacher has shown them rather than apply problem solving skills to their work. The Smith et al taxonomy provides a more finely grained analysis of Skemp’s ideas in that we can see that Skemp’s idea of instrumental understanding or thinking is the similar to lower order thinking skills but Smith et al give us a better understanding of it. Similarly, with relational understanding and higher order thinking skills. We should however be aware that Skemp was talking about understanding whereas Smith et al developed a taxonomy of cognitive skills required in order to work on particular types of tasks. At the same time, those particular tasks help to develop the required cognitive skills and understanding. 
In Activity 18, you will summarise what you have learnt about the cognitive levels in this unit. Create this summary in your learning journal, or another easily accessible place so that you can refer to it regularly.

Activity 18: What have I learnt?
Suggested time: 45 minutes
Answer Activity 18 in your learning journal.
It is worth doing this activity carefully, because you can refer to it when you are planning activities for your students.
1. Make your own summary of the levels of cognitive demand. For each level, give an example of a type of question which you might use in your lectures. 

2. This table is an example of how to make your summary. You can copy it into your journal and use it to summarise the levels of cognitive demand.



	Lower-order thinking
	Higher-order thinking

	Level 1:
Summary here …
… with an example question
	Level 3:
Summary here …
… with an example question

	Level 2: 
Summary here …
… with an example question
	Level 4:
Summary here …
… with an example question



[bookmark: _Toc46843745][bookmark: _Toc51617718]In the Programme Introduction at the beginning of this module, you read about reflective practice and the use of a learning journal. We suggest you read it again now, in preparation for Activity 19. In the ADTVT module called Reflective Practice, you can read more about Terry Borton’s (1970) reflective model. You can access it here. In Activity 19, you will use that model to reflect on Unit 2

Activity 19: Reflection on Unit 2
Suggested time: 30 minutes
Write in your learning journal about what you have learnt in this unit. Use the three questions from Borton’s reflective model.
1. What?
What happened? Describe the knowledge you gained, and what happened when you applied it.
2. So what?
So, what new insights or knowledge did you get from the unit?
3. Now what?
Now, what will you do to apply what you have learnt in your daily teaching?

[bookmark: _2bn6wsx][bookmark: _Hlk140749169]Discussion of Unit 2 
We introduced Smith et al’s taxonomy in Unit 2 as a useful tool to assist you in analysing the tasks you give to your students, and in making more informed choices when choosing tasks. It can be used to design lessons and even exams. However, it is not the answer to all our problems in trying to educate our students. We referred earlier to the problem of students experiencing anxiety, especially when given tasks that involve level 4 thinking. Instead of reducing the cognitive level of the task, we are constantly looking for new ways to assist our students in becoming problem solvers and creative thinkers. In Unit 5, we will discuss new ways to lead discussions, ask questions and talk about mathematics, which will assist us in supporting our students’ development.




[bookmark: _Toc143509832]Unit 3: Doing Realistic Mathematics
[bookmark: _Toc143509833]Introduction
In Unit 2, we analysed tasks according to the cognitive level required to find solutions. We also learnt that by “doing mathematics” we can develop our cognitive skills at a higher-order level. The “doing mathematics” category is perhaps the most difficult to find in textbooks, exams, etc. and also the most difficult to design. It is better suited to assignments and portfolio activities than exams because of its non-routine nature.  In this unit, we look at a particular kind of “doing mathematics” developed in the Netherlands over decades of research and design led by Hans Freudenthal (1905-1990). It is called Realistic Mathematics Education (RME) and involves a different way of approaching the solving of problems.

[bookmark: _Toc143509834]Unit 3 outcomes
By the end of this unit, you should be able to:
1. Analyse given tasks in RME context
1. Design/select new tasks in RME context
1. Design/select tasks that involve both horizontal and vertical mathematisation.


[bookmark: _Toc143509835]Realistic mathematics education (RME)
[bookmark: _Toc143509836]What is realistic?
Before learning about RME, do Activity 20. It is important to do this now, at the beginning of the unit. We will come back to your ideas again later in the unit.

Activity 20: What is realistic mathematics?
Suggested time: 30 minutes
Answer Activity 20 in your learning journal.
1. Write down an activity that you regard as realistic mathematics. Also write down its solution.
2. Explain which elements of the activity/problem make it realistic. 
[bookmark: _heading=h.r4mp0cuy2hip]Now we analyse Activity 21 and use its different elements to introduce the main features of RME. A number of our activities will be adaptations of work by Mark Driscoll from his book Fostering Algebraic Thinking (1999).
 
Activity 21: Lamu the Labrador
(adapted from the activity, Eric the Sheep, by Mark Driscoll (1999))
Suggested time: 90 minutes
Answer Activity 21 in your learning journal.
Lamu the Labrador









1. Read the problem about Lamu the Labrador:
Lamu the Labrador is at the back of a line of 40 hungry dogs at a shelter. They are normally fed pellets, but today they are waiting for their monthly treat of raw meat. Lamu is so hungry that she thinks up a way of getting to the front of the line without staying in the 40th place. Every time a dog gets a treat, Lamu moves two places forward without being noticed. After her first move, there will be two dogs behind her. As she gets closer to the front of the line, there will only be one dog in front of her who will get a treat, and she will be at the front of the line. 
2. How many dogs will get a treat of raw meat before Lamu?
3. Estimate your answer without writing anything down.
4. Use buttons, beans or any object you can use to count to solve the following:


	Number of dogs in front of Lamu
	4
	5
	11

	Number of dogs who received their treat before Lamu
	
	
	


5. Find a pattern that could help you work out how many dogs receive a treat before Lamu, if she is at the back of a line of 40 dogs.
6. Explore other numbers by extending the table above, like this:

	Number of dogs in front of Lamu
	
	
	
	
	
	
	
	

	Number of dogs who received their treat before Lamu
	
	
	
	
	
	
	
	



7. How could you work out the answer for any number of dogs?
8. Work out the solutions for the boxes below which have been left blank.

	Number of dogs in front of Lamu
	39
	226
	1000
	
	
	7632

	Number of dogs who received their treat before Lamu
	
	
	
	15
	31
	



9. [bookmark: _heading=h.nhmcj0a480dn][bookmark: _heading=h.ws8hapy1rejy]The next month, Lamu decides to get to the front even quicker. She jumps ahead by three places at a time. How does the rule change if she does this? What about if she jumps ahead four places at a time, 12 places at a time? 
10. Can you make a generalisation/rule so that we can work out how many dogs receive a treat before Lamu when she jumps ahead any number of places?
[bookmark: _heading=h.38hdmm6347g]
Discussion of Activity 21
[bookmark: _heading=h.imcz5cyy167j]You may have found this activity a bit messy and frustrating at the beginning. Think about your estimate. Was it realistic?
[bookmark: _heading=h.eweid8vvd0w0]After a while, you probably noticed a pattern developing and then started testing whether the pattern worked for all instances. If we had moved straight to 40 dogs, we would not have been able to see the pattern. Starting with low numbers, such as six dogs, enables us to see the pattern developing and changing as the line of dogs gets longer, until we can predict the answer. 

    
Here is Lamu …

[bookmark: _heading=h.fdyer2d5ccz9]As you tick off the first dog, Lamu moves into third place. Then tick off the dog in first place and Lamu jumps into first place. So two dogs get a treat before Lamu if six dogs are in front of her.
[bookmark: _heading=h.o9npdqyzgqsv][bookmark: _heading=h.2inviz56pacd]The diagram shows six dogs in front of Lamu. Lamu jumps ahead twice and two dogs (marked with an X) get a treat before her:







Lamu
X
X
1st jump
2nd jump

You could also have started with a table, such as Table 2 which indicates the pattern. Lamu moves two ahead while one dog is given a treat. 

Table 2
	Number of dogs in front of Lamu
	Number of dogs who get a treat before Lamu

	1
	1

	2
	1

	3
	1

	4
	2

	5
	2

	6
	2 (see diagram above)

	7
	3

	8
	3

	9
	3

	
	


[bookmark: _heading=h.642ifnrfcufj]If we make a similar table for Lamu moving three places ahead, we can make a conjecture (an informed guess) that we will have the following pattern: 1111, 2222, 3333, etc. So, let us check by using counters again, in Table 3.

Table 3
	[bookmark: _heading=h.hhwnxauz34if][bookmark: _heading=h.15u4e688k4tu]Number of dogs in front of Lamu
	Number of dogs who get a treat before Lamu

	1
	1

	2
	1

	3
	1

	4
	1

	5
	2

	6
	2

	7
	2

	8
	2

	9
	3

	10
	3

	11
	3

	12
	3


[bookmark: _heading=h.rzylp3eqi80w]
[bookmark: _heading=h.ufk65xp6mpsm]It seems from looking at Table 3 that our conjecture was correct.
[bookmark: _heading=h.zf0h9q1mo0e3]At this point, we may have a rule that needs tidying up algebraically, but which is ultimately used as our rule for any number of dogs and any number of jumps ahead. 
This kind of function may not be familiar to you. It is called a ceiling function where ceil(x) means the smallest integer .  An example would be “ceil (3.4)=4”, but this should not be seen as the same as rounding up. If the number of dogs in front of Lamu is k, then the number of dogs who get treats before Lamu will be ceil(. To take it one step further, if the number of jumps Lamu makes in getting herself to the front quicker is j, then our final rule will be ceil (k/j)



Stop and think 
Without using the counters or diagrams to figure it out, this would have been a difficult problem to solve. It shows how the practical work which we call “horizontal mathematisation” clarifies the process enabling us to get to the more abstract representation. 

According to Treffers (1987), “horizontal mathematisation is when learners use their informal strategies to describe and solve a contextual problem and vertical mathematisation occurs when the learners' informal strategies lead them to solve the problem using mathematical language or to find a suitable algorithm”. The RME teacher encourages students to use horizontal mathematisation, making use of counters, drawings, matchsticks, etc. to understand what is going on, which usually ends up in finding a pattern. We often use tables to help us to be consistent and to see how the pattern emerges. Without this consistency, we might not see the pattern or be able to use it to come up with a rule or a formula. 
At this stage, the student may come up with a messy formula or algorithm. Vertical mathematisation is then the process of using mathematical language to improve on or refine the messy formula or algorithm. 

Activity 22: Shopping for tiles and string 
Suggested time: 90 minutes
Answer Activity 22 in your learning journal.
Task 1
[image: C:\Users\sheilad\South African Institute for Distance Education\AdvDipTVT_Phase 2 (082) - Documents\Module_Mathematics Method\Multimedia\Unit 3 Activity 22 Floor Tiles-01.jpg]







1. A shop sells tiles for R160 a square metre, plus R3 for every 2 m of string used to pack the tiles. Each square metre uses 2 m of string to be packaged. If the first customer takes 3 square metres of tiles, what will she pay? 
2. Make a table to show what is being taken into account to arrive at the final price. Your table can start with 2 or 3 square metres, up to 5 or 6 square metres, in column 1. 
3. [bookmark: _heading=h.c5uockp0ej2w][bookmark: _heading=h.kl9jfhlnjlj][bookmark: _heading=h.czavepkbar2e]Write down the rule for any number of tiles.
4. Copy this table in your learning journal and fill in the blocks which are indicated with dotted lines.



	Number of square metres of tiles 
	Amount of string in metres
	Total cost

	…………………………..
	30
	……………………….

	
	
	

	
	
	

	………………………….
	…………………………
	R4 000 + R75

	
	
	

	1 000
	……………………………..
	………………………..


[bookmark: _heading=h.kmfvcxe3lw3b]
5. [bookmark: _heading=h.6r3s00jm2u6q]Check your rule using the table. 
6. [bookmark: _heading=h.ygjqqx6kbmx4]Use your rule to work out the payment for 1 000 square metres of tiles. 
7. [bookmark: _heading=h.4cnk06uz31eg]How would your rule change if the string cost R3 per 2,5 m.
[bookmark: _heading=h.pkzyh3kho1g1]
Discussion of Task 1
[bookmark: _heading=h.qrlfjidmrynu]Your table probably looks something like this:

	Number of square metres of tiles 
	Amount of string in metres
	Total cost

	2
	4
	R320 + R6

	3
	6
	R480 + R9

	4
	8
	R640 + 12

	5
	10
	R800 + R15



[bookmark: _heading=h.o81h81i3tawz]To find the rule it may be easier to set out your table as shown in Table 4. 
[bookmark: _heading=h.9t33xwbdj6l]How is this table different to your own and how does the third column in the Table z make it easier to find the rule?


Table 4
	Number of square metres of tiles 
	Amount of string in metres
	Total cost

	2
	4
	R160 x 2 + R3 x 2

	3
	6
	R160 x 3 + R3 x 3

	4
	8
	R160 x 4 + R3 x 4

	5
	10
	R160 x 5 + R3 x 5

	
	
	R160t + 3s/2


[bookmark: _heading=h.i1tfmkkneyam]
[bookmark: _heading=h.7q2aegoya7nb]It is now easy to see that the rule could be 160t + 3s/2 if t is the number of square metres of tiles and s is the number of metres of string. You may have noticed that t = s/2, so your final rule could be 160t + 3t = 163t. It is important to see how the rule is derived. If we had given the rule as 163t from the start, it would be difficult to see where the rule comes from. The initial work of figuring out the rule as 160t + 3s/2 is the horizontal mathematisation. Tidying up the rule algebraically from 160t + 3s/2 to a simple 163t, is known as vertical mathematisation. 

[bookmark: _heading=h.acjp1xmid9lj]Task 2 (an extension of Task 1)
[bookmark: _heading=h.lbtqbannpdag]What if, at the end of the month, the shop introduced an incentive to buy more tiles by saying that the more square metres you buy the less you pay per square metre, but not less than R75 a square metre. This is a common sales tactic often used to get rid of stock or to encourage customers to buy more. Table 5 sets out the costs. 

[bookmark: _heading=h.mmdfypwec4xf]Table 5
	Number of square metres of tiles
	Cost per square metre

	1
	R160

	2
	R158

	3
	R155

	4
	R150

	5
	R142

	6
	R129

	7
	…………..


[bookmark: _heading=h.8nmd0dg64v8s][bookmark: _heading=h.jitr2jz3on1e]
1. How much will it cost to buy 7 square metres of tiles, including the string.
2. What pattern is being used to work out the new costs?
3. The graph in Figure 2 shows both options for us to see what it will cost per square metre for 7 square metres, excluding the string. Figure 2


a. [bookmark: _heading=h.9omp4su0e219]Identify what each line on the graph represents and the labels for each axis.
b. Change the title of the graph from “Points scored” to something more appropriate.
c. Estimate how much will be saved if you buy the tiles using the incentive option. Remember that you have to wait till the end of the month to get this option. Is it worth waiting till the end of the month if you want to buy three square metres? What if you want to buy 6 square metres? 
[bookmark: _heading=h.dp5ltvtqtdiu]
[bookmark: _Toc143509837]More about horizontal and vertical mathematisation
Gravemeijer and Terwel (2000) introduce us to the main ideas of the influential mathematics researcher and educator, Hans Freudenthal, who was controversial in his day, but has, over time, become increasingly well respected in the community of mathematics researchers and educators. Freudenthal (1973) said that things were upside down if one started by teaching the result of an activity rather than by teaching the activity itself.  This means that in traditional mathematics, we take the end point of someone’s work and use it as our starting point, for example, using formulae to solve problems. “Teaching the activity itself” can be seen as giving students material which they need to organise mathematically in order to solve a particular problem or find a rule. Therefore, mathematisation involves organising the material and through this process of organising and looking for patterns, some form of symbolisation will likely start to emerge. Up to this point, we can say we have been involved in horizontal mathematisation. Once you take the symbols and start to reformulate them step by step into something more sophisticated, then you are applying vertical mathematisation. This may involve merely tidying up a messy formula into one which is more elegant. Gravemeijer & Terwel suggest that the starting point in mathematics teaching can be found in selecting situations that “beg to be organised”, thereby moving from what Freudenthal described as “the complex structures of the world of everyday-life to the abstract structures of the world of symbols”. Using Freudenthal’s view, mathematics can be seen as a tool to help understand and analyse phenomena in various fields, such as science, engineering, social sciences and the humanities.
[bookmark: _heading=h.9oy19hxtlhq7][bookmark: _heading=h.ql0my5soovdd]In Activity 23, we will try another problem which relies on starting with horizontal mathematisation followed by vertical mathematisation.
[bookmark: _heading=h.egnjp6ekcl4s]
[bookmark: _heading=h.h05oymp8ulnk]Activity 23: Mungo’s worms
(adapted from an activity by Driscoll (1999) known as Snakes in Snakewood). 
[bookmark: _heading=h.ldwxopnh0z33][image: C:\Users\sheilad\South African Institute for Distance Education\AdvDipTVT_Phase 2 (082) - Documents\Module_Mathematics Method\Multimedia\Unit 3 Activity 23 2 Boys.jpg]Suggested time: 90 minutes
Answer Activity 23 in your learning journal.
[bookmark: _heading=h.gglohhmmirly][bookmark: _heading=h.8f1xdc4pkwuw]
Mungo has been observing a few special worms growing in a worm bin. No other worms seem to grow in the same way so he decides to draw pictures over a few months to describe what he sees.


[image: ]

[bookmark: _heading=h.nwqzowjx34nj][bookmark: _heading=h.97wy278hoeis][bookmark: _heading=h.75cok0lu343t][bookmark: _heading=h.46bul5qf1vay]In the first month, the worms have a white ring around their middle.
The following month (Month 2), a black ring appears in the centre of the white ring.
[image: ]
[bookmark: _heading=h.mwr8akr5o3]
[bookmark: _heading=h.3anhej3g3ibw][bookmark: _heading=h.bymkcf6u065b]In the third month, Mungo notices that the same thing has happened to each of the white rings, giving him the following picture. 
[bookmark: _heading=h.hq0m85w2tgby][image: ]
[bookmark: _heading=h.kx92i0jo9wso][bookmark: _heading=h.cql6zq5bu28d]As the worms grows, the pattern continues in the same manner. 

[bookmark: _heading=h.24rng2245erp]Task 1
[bookmark: _heading=h.ohqpffnx40x]Draw the fourth and fifth months of the worm pattern.
[bookmark: _heading=h.3fmrwxdgpo1s]What do you notice?
[bookmark: _heading=h.5giox5n6jmow]
Task 2
1. [bookmark: _heading=h.86h365waiuvr]After a long time, Mungo notices that one of the worms has 128 white rings.
a. How many rings does the worm have in total?
b. [bookmark: _heading=h.m3fd4hy2mmx4]Another worm has 255 black rings. How many rings does that worm have in total?
c. [bookmark: _heading=h.jan99uheuigt]Is it possible for this kind of worm to have 499 rings? Use reasoning to explain why or why not? 
d. [bookmark: _heading=h.os3zjco53jlw]How can you find the number of white rings a worm would have at any stage/month?
e. [bookmark: _heading=h.jbcvo05p1a2n]How can you find the number of black rings at any stage/month?
f. [bookmark: _heading=h.8gbar91x89n2]How can you find the total number of rings at any stage/month? 
g. [bookmark: _heading=h.3n22fcgxtz1h]Use your answer in (f) to check your reasoning in (c).
h. [bookmark: _heading=h.9mqd7aah5y4t]How did you use the representations from Task 1 to solve the questions in Task 2?

[bookmark: _heading=h.nl1l1m1vi8fl]Task 3
[bookmark: _heading=h.xraim8x3uf8][bookmark: _heading=h.9y3k2t6dbl3p]Mungo drew the following table to show what he noticed. Did your table look the same? Study the table and explain what you think might be correct or incorrect about the table.

	Month/stages
	Rings

	1
	 
	
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	w
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	 2
	 
	
	 
	 
	 
	 
	 
	 
	 
	 
	 
	w
	b
	w
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	3
	 
	
	 
	 
	 
	 
	 
	 
	 
	w
	b
	w
	b
	w
	b
	w
	 
	 
	 
	 
	 
	 
	 
	 

	 4
	 
	
	 
	 
	 
	 
	 
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	 
	 
	 
	 
	 
	 

	 5
	 
	
	 
	 
	 
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	 
	 
	 
	 

	 6
	 
	
	 
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	 
	 

	7
	w
	
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w
	b
	w


[bookmark: _heading=h.8a86me4sc6rx]
[bookmark: _heading=h.xi691ze1loiu]Month 4 should look different because each W from month/stage 3 needs to split up into a WBW which will give us a different total for each month/stage, and a different pattern will emerge. What has Mungo done? If you made the same mistake, redo your table and answer the questions again. It is important that you get the horizontal mathematisation correct so that you can see what is really going on, and then find a rule for it. 
[bookmark: _heading=h.snljv8u0fe9l]Mungo’s friend, Muzi, drew the following table to show what he figured out. 

	[bookmark: _heading=h.5gzpy7raer8f]Months/stages
	Number of WBWs
	Number of white rings
	Number of black rings
	Total number of rings

	1
	0
	1
	0
	1

	2
	1
	2
	1
	………

	3
	2
	4
	3
	………

	4
	4
	8
	7
	………

	5
	8
	16
	15
	………

	6
	16
	32
	31
	



[bookmark: _heading=h.1nbnutxs07aw]Muzi’s table has been drawn in such a way that we can easily see patterns which can be mathematised vertically.
[bookmark: _heading=h.9kw3l79l5cp0]We can see patterns forming both across the rows and down the columns in the table and both are significant to answering the questions in Task 2. We can see that the number of black rings is always 1 less than the number of white rings. We can also see a connection between the month/stage number and the number of white rings. 
[bookmark: _heading=h.blql6gu7vb1q]If we add another row to the table, representing stage/month n, we can use generalisation to fill in the empty blocks.
[bookmark: _heading=h.dap0ntkmqo9a]The following table answers Questions (d), (e) and (f) of Task 2 by generalising and formalising the pattern. We used vertical mathematisation in this activity, but needed both tables to get to this point. 


	Months/stages
	Number of WBWs
	Number of white rings
	Number of black rings
	Total number of rings

	n
	2n-2
	2n-1
	2n-1 -1
	2n-1+2n-1 -1

	
	
	
	
	2(2n-1 ) - 1

	
	
	
	
	2n - 1


[bookmark: _heading=h.mi2kxf58if1][bookmark: _heading=h.oh868i2f6196][bookmark: _heading=h.rbmsbtdugb48]
[bookmark: _heading=h.m060kqua7hmp]Stop and think
[bookmark: _heading=h.mhiuzse0mgav]Why is it important to be systematic by drawing up these tables?
[bookmark: _heading=h.3o2ukeijz1us]
[bookmark: _heading=h.ihny14wx59rq][bookmark: _Toc143509838]Mathematics as a human activity
[bookmark: _heading=h.wvw4hp6o7ofl][bookmark: _heading=h.tve4ozd0l6j]According to Gravemeijer (1994), RME has its roots in Freudenthal’s interpretation of mathematics as a human activity (Freudenthal, 1973). Gravemeijer goes further to say:
Freudenthal accentuated that the actual activity of doing mathematics, an activity which he propagated, should predominantly consist of organising or mathematising subject matter taken from reality. Learners should therefore learn mathematics by mathematising subject matter from real contexts and their own mathematical activity rather than from the traditional view of presenting mathematics to them as a ready-made system with general applicability.
[bookmark: _heading=h.bqkxw3g9yfl]
[bookmark: _Toc143509839]Guided reinvention
[bookmark: _heading=h.nezmb02ozmze]This brings us to another way of thinking about RME. Freudenthal’s notion of “guided reinvention” invites the student to go through the process which the original mathematician may have gone through, to arrive at a formula. Gravemeijer & Terwel (2000) suggest that knowledge of the history of mathematics is helpful to the mathematics educator:
If we viewed mathematics as having evolved historically from practical problem solving, it would be reasonable to expect to find the problems which gave rise to this process in present-day applications. Next, we could imagine that formal mathematics came into being in a process of generalising and formalising situation-specific problem-solving procedures and concepts about a variety of situations.
Having gone through the process themselves, the student can claim the result as their own and take pride in it. Think of the formula for Compound Interest and how to get there using repetitions of Simple Interest. The student who gets to the formula has created the mathematics for themselves and is encouraged to make sense of what they are learning in the future. 
[bookmark: _heading=h.3tgo156gag5j][bookmark: _heading=h.h9cj2a3tnriu]Let us use an example which has often been done before - finding the maximum area of a rectangle with a fixed perimeter. 
[bookmark: _heading=h.8qwfijyllgs]
[bookmark: _heading=h.3sfkxm9hbe0e][image: ]
[bookmark: _heading=h.iv1u3q1dwfbp]
[bookmark: _heading=h.nb4bs3tine1z]Activity 24 could be done to solve a realistic problem about packaging.
[bookmark: _heading=h.9hrlw3eknf07][bookmark: _heading=h.1gpim7nuck9a]Activity 24: Rectangles
[bookmark: _heading=h.pbh77u8104cf]Suggested time: 75 minutes
Answer Activity 24 in your learning journal.

Task 1
1. [bookmark: _heading=h.l5lm0c7akvy]Find the dimensions of a rectangle with a perimeter of 40 cm which has a maximum area. This can be done using calculus, but it can also be done using horizontal mathematisation.
a. Try doing it first using horizontal mathematisation. 
b. Then use calculus to verify your answer.

[bookmark: _heading=h.8ovlb03b3ia3]Discussion of Task 1
[bookmark: _heading=h.j0hi6dxoxgvu]We can start by making a table with different dimensions for a rectangle with a perimeter of 40 cm. We know that the perimeter of a rectangle is twice the one side + twice the other side so 2x + 2y = 40. That means x + y = 20. Draw the table in Step 1 in your learning journal, fill in the empty blocks, then write down what you notice is happening. What is changing and how? 

[bookmark: _heading=h.ydrdlauy6tdh]Step1:

	Perimeter
	x
	y
	Area

	40
	4
	16
	64

	40
	3
	17
	51

	40
	2
	
	36

	40
	
	15
	

	40
	
	14
	

	40
	7
	
	

	40
	
	12
	

	40
	9
	11
	

	40
	10
	10
	100


[bookmark: _heading=h.u01qvj1p15sr]


[bookmark: _heading=h.iafu2zsmvyel]Step 2:
[bookmark: _heading=h.uz8nhubn0yrz]Let us verify what we have discovered by using calculus.
[bookmark: _heading=h.ae5tyao13eru]If x and y are our two sides, we know that:
P = 2x + 2y
[bookmark: _heading=h.uoiv5ru1wcfi]so 2x + 2y = 40 
[bookmark: _heading=h.3uoi0la3nm68]and x + y = 20
[bookmark: _heading=h.u3u58lhf9g3g]y = 20 - x
[bookmark: _heading=h.bsbf45pk9ply]Area = xy =  x(20 - x)
[bookmark: _heading=h.60ftblmxop8]= 20x - x2
[bookmark: _heading=h.w2qnf6yjjr1e]We can differentiate this equation and let it = 0 for the maximum value.
= 20 - 2x
[bookmark: _heading=h.5ttwxgvbmp45]20 - 2x = 0
[bookmark: _heading=h.s8fqt2sa40rs]-2x = - 20
[bookmark: _heading=h.h6dnu35345ex]x = 10
[bookmark: _heading=h.kpuma7esjky]Substitute x = 10 into equation of perimeter
[bookmark: _heading=h.rerbkugjbg09]10 + y = 20
[bookmark: _heading=h.41udlly7wfym]therefore, y = 10
[bookmark: _heading=h.pj9a21hp9627]Using calculus, this shows that for maximum area the dimensions are both 10. To generalise, we can say that for maximum area, both dimensions need to be the same.
Step 3 is a more generalised version of what we have just done.

[bookmark: _heading=h.50g3uy4mtgmj]Step 3:
Find the dimensions of the rectangle with a given perimeter (P) which will have the largest (maximum) area (A). 
[image: http://www.themathpage.com/acalc/calc_IMG/064.gif]
[bookmark: bookmark=kix.c628vkr65vhf]



The solution is as follows: 
Let the length of the rectangle be x, let its breadth be y, let A be its area, and let P be the given perimeter.  
[bookmark: bookmark=kix.xjrmgf4ea345]Then          P = 2x + 2y   ………………………………………………….(1)     
and   
                  A = xy            …………………………………………………..(2)     

Since A is to be maximised, we would like to have A as a function only of x or of y so that we can differentiate A in terms of x or in terms of y.  Assume we express A in terms of x, then from the expression for P, we can solve for y:
[bookmark: bookmark=kix.6axm15pu89gi]2y = P-2x, then y = ½(P − 2x) = ½P − x.
[image: ]
[bookmark: bookmark=kix.2fsyvgvbv0h0]Therefore                      

On taking the derivative of A and setting it equal to 0,
[image: ]

[image: ]
Therefore             
                            
[bookmark: bookmark=kix.4rzd20sj3mg8]The value of y is          y = ½P − ¼P = ¼P
[bookmark: _heading=h.mso20274gt1v]The height is also one quarter of the perimeter.  That figure is a square.  The rectangle that has the largest area for a given perimeter is a square. Reminder: A square is a special kind of rectangle! 
[bookmark: _heading=h.gpruybc1xbkt][bookmark: _heading=h.2frl47pi9u66]We can see that starting with the calculus in a generalised form is extremely abstract and not easy to understand, whereas the earlier representations make it much easier to follow. This is another way of moving from horizontal to vertical mathematisation. 
[bookmark: _heading=h.4y1nppn3nb4h]
[bookmark: _heading=h.z78p8bld228p]Stop and think
How do you think the first person worked out this relationship? Do you think that this was not known until calculus was developed?
[bookmark: _heading=h.h47whct4apiw]
[bookmark: _heading=h.wrk2hwjukm6]Task 2 (a question begging to be organised)
1. [bookmark: _heading=h.5wdy03wyib7e][bookmark: _heading=h.7u5a7n896i50]Design your own question related to packaging that would require the horizontal and vertical mathematisation in Activity 24.
2. What could the real question have been?

[bookmark: _heading=h.n2d1qylp12lx]Discussion of Task 2
The original question in Activity 24 is “Find the dimensions of a rectangle with a perimeter of 40 cm which has a maximum area.”  This question is fairly abstract and could easily be made into an RME style question like this: Sindi has a piece of wire which is 40 cm long. How can she make this piece of wire into a rectangle which will give her the largest area?
According to RME the students can more easily relate to this question because of its context and will start by working horizontally and then vertically.  
Another example could be related to packing the boot of a car with the most rectangular and cylindrical boxes. There is no formula for doing this so one would need to use horizontal mathematisation to figure out the problem. The question may go like this: The packers at Fiji Paint and Hardware have sold a number of goods packed into 5 rectangular and 4 cylindrical boxes. The rectangular boxes are 26cm by 12cm by 10cm and the cylindrical boxes have a diameter of 52cm and a height of 24cm. If the size of the customer’s boot is 2m by 1m, will they be able to take all the goods home in one trip or will they need more trips. If so, how many trips?
[bookmark: _heading=h.p4y8o9rhlyp2]Central to RME is the design of instructional sequences that challenge learners to organise key subject matter at one level to produce new understanding at a higher level. In this process, referred to as mathematising, graphs, algorithms and definitions become useful tools when students build them from the bottom up through a process of suitably guided reinvention. (Kwon, 2003)
Another important aspect of RME is collaboration; sharing solutions with our peers and discussing which solutions are the most effective. It can help us to see the advantages of one solution over another and arrive at a deeper understanding of the mathematisation process.

Activity 25: Consolidating RME
Suggested time: 120 minutes
1. Read the article by Dr J Makonye, Teaching Functions Using a Realistic Mathematics Education Approach: A Theoretical Perspective (2014). This article focuses on teaching functions using RME. This will consolidate your understanding.  This article is not an OER. You will need to access it through your university library. The website link is in the reference list.
2. Answer the following questions in your learning journal.
a. Makonye suggests that memorising mathematical procedures without understanding the concepts is problematic. Explain why.
b. Why is it important for students to understand the function concept?
c. How is a number sequence also a function?
d. In what way does Makonye suggest that RME can help students engage more with mathematics? 
e. Freudenthal argued that mathematics is not merely aesthetic, as suggested by Plato and others. He saw a usefulness to mathematics. Give examples of this usefulness.
f. How do you think this approach could be useful in teaching students at a TVET college?
g. How does the matchstick representation relate to RME?

3. You might be thinking, “How can we use the matchstick idea to explore a quadratic function?” Do you think there is a better way to start? Can you think of a realistic situation?
4. We already know that a quadratic equation will have a common 2nd difference; which scenario provides this idea?
Let us go back to our dog, Lamu. We could use a story that there are now two dogs, Lamu and Nuga, who is a much bigger and heavier dog than Lamu, with a deep, echoing bark. At feeding time, they are fed in this way: If Lamu gets one pellet, Nuga gets one; if Lamu gets two pellets, Nuga gets four; if Lamu gets three pellets, Nuga gets nine; if Lamu gets four pellets, Nuga gets 16; and so on. 
5. How are we going to use horizontal mathematisation to organise this story into a mathematical format?
6. You may have tried with squares, like in the article by Makonye, but that does not show us the pattern clearly.
a. Draw your own table in your learning journal.
b. Study Table 6 and see if you can follow the story within it.  The table shows the number of pellets given to each dog (each arrow represents a pellet).

Table 6
	Lamu
	Nuga

	→
	→

	→→
	→→	
→→

	→→→ 	
	→→→
→→→
→→→

	→→→→
	→→→→
→→→→
→→→→
→→→→



c. You can see that this represents y = x2. . How would you represent y = x2+ 1 in the arrows diagram?

7. Draw the graphs of both of these functions on the same set of axes which will show the difference between them as represented on the Cartesian plane.  
As we move between representations of the same story, we should be getting a deeper understanding of the function concept. In this way, we can build up to a quadratic function of y = x2+ 2x + 1, really seeing what it means, rather than a bunch of symbols to manipulate.
8. Work out the equation of the function represented in Table 7?

Table 7
	Lamu
	Nuga

	→
	→→→

	→→
	→→	
→→→→

	→→→ 	
	→→→
→→→
→→→→→

	→→→→
	→→→→
→→→→
→→→→
→→→→→→



Try to figure out the equation represented in table 8.


Table 8
	Lamu
	Nuga

	→
	→→→ →→

	→→
	→→	
→→→→
        →→  →→

	→→→ 	
	→→→
→→→
→→→→→→
            →→→  →→

	→→→→
	→→→→
→→→→
→→→→
→→→→→→→→
                →→→→  →→



[bookmark: _heading=h.4vncyy5jvrsj]Table 8 represents the equation y = x2+ 2x + 2.

9. In your learning journal, draw an arrow diagram to represent y =  x2+ 3x -1. Think about how you will show “-1”.

In Unit 5, we will explore how “Math Talk” enables this type of collaboration.

Activity 26: Reflection on Unit 3
[bookmark: _Hlk140763924]Suggested time: 30 minutes
Write in your learning journal about what you have learnt in this unit. Use the three questions from Borton’s reflective model again.
1. What?
What happened? Describe the knowledge you gained, and what happened when you applied it.
2. So what?
So, what new insights or knowledge did you get from the unit?
3. Now what?
Now, what will you do to apply what you have learnt in your daily teaching?

Discussion of Unit 3 
[image: mage of Hans Freudenthal]In unit 3 you were introduced to the powerful methodology of Realistic Mathematics Education which originated in the Netherlands with the well-known mathematician and mathematics education researcher, Hans Freudenthal. Hans Freudenthal 1905 – 1990; Source https://mathshistory.st-andrews.ac.uk/Biographies/Freudenthal/

Freudenthal turned mathematics education on it’s head by saying that we have been teaching the end product of mathematics instead of the actual mathematics. Asking a student to find the volume of a cylinder after giving them the formula is an example of this idea. Helping and supporting students to work out how to find the volume of a cylinder is what he would refer to as the human activity of mathematics. It’s what the original mathematicians had to do to solve the mathematical problems which are part of school and university curricula today.
By using what he called “Guided Reinvention” we can help a student to create the mathematics all over again. In this unit you are introduced to 2 main ideas. Horizontal and vertical mathematisation involves organising the material, and through the process of organising and looking for patterns, some form of symbolisation will start to emerge. Up to this point, a student will have been involved in horizontal mathematisation. Once they take the algebraic symbols and start to reformulate them step by step into something more sophisticated, then they are applying vertical mathematisation.
There are a number of examples in this unit which show how to organise a mathematical context starting with horizontal and ending with vertical mathematisation. The role of the educator is to present situations to students which are “begging to be organised” and then to support them as they move through the different aspects of the mathematics problem.

[bookmark: _Toc143509840]Unit 4: What changes and what stays the same? 
[bookmark: _3rdcrjn][bookmark: _Toc143509841]Introduction
According to Lai & Murray (2012), mathematics researchers in Australia, mathematics researchers have for decades been puzzled by why Asian students outperform students in the rest of the world. She adds that there is a good deal of rote learning in the Asian mathematics curriculum. There seems to be a contradiction between the West’s focus on deep thinking to understand mathematics (and rejecting rote learning), and the procedural learning performed in Asian countries. This contradictory phenomenon is referred to by Marton, Dall’ Alba and Lai (1993) as the “paradox of the Chinese learner”.  Lai & Murray attempt to solve this contradiction by looking at the use of variation theory to suggest that not all rote learning is the same. In this unit, we see how drawing a student’s attention to slight variations in procedures, helps them to reason and make otherwise invisible connections between mathematics concepts. We also explore Lai & Murray’s ideas, as well as some of the ideas of Watson and Mason (2006), in relation to variation theory. We use several examples of variation theory to help us understand the theory and its potential to develop conceptual understanding of mathematics concepts.

[bookmark: _26in1rg][bookmark: _Toc143509842]Unit 4 outcomes
By the end of this unit, you should be able to:
· Understand the purpose and value of using variation theory 
· Understand the mechanics of variation theory and how to use it
· Select tasks and begin to design your own activities using variation theory.



[bookmark: _Toc143509843]What’s so special about variation theory?
The central idea of teaching with variation is to highlight the essential features of the concepts through varying the non-essential features (Gu, Huang & Marton, 2004). Sometimes we highlight and vary the essential features, and other times we vary the non-essential features of a mathematics procedure. According to Watson and Mason (2006), teaching with variation matches the central idea of constructivism, seeing students as constructors of their own meaning. The role of the teacher or lecturer is to provide activities which allow students to construct their own meaning. According to  Lai & Murray, “unless specific steps are taken to promote students' engagement and higher-order thinking, advanced conceptual understanding will not be constructed”. She proposes the use of the theory of variation together with appropriate teacher scaffolding (Vygotsky, 1978) to achieve these goals. Vygotsky described scaffolding as the role of the teacher in supporting a student to move beyond their current skill level. He said that a student can achieve more in interaction with a knowledgeable teacher or peer, than on their own.
[bookmark: _dzvfos4azzqc]
[bookmark: _1ksv4uv]Activity 27: Division by a fraction
[bookmark: _rvg430bev03o]Suggested time: 60 minutes
Answer Activity 27 in your learning journal.
1. [bookmark: _edt3z8ydgu2h]Before you read further, write down the common phrase used by teachers in primary schools “division makes smaller”. Then write down your thoughts about this phrase. 
2. [bookmark: _ulh89qmx086u]Write down exactly how you would teach division by a fraction, for example    = ………..
3. [bookmark: _wqugmzueins0]Now read a summary of part of an article by Watson and Mason (2006) and answer the questions that follow.
[bookmark: _uofb3vq5dwjk]We are used to seeing many exercises in textbooks. These exercises are used to practise a procedure which has just been demonstrated. The exercise begins with the easier questions and ends with those that are more challenging. The questions are usually unconnected to each other. What if we look at an exercise of five to 10 questions as an object in itself, rather than as a set of random questions? When looking at an exercise as an object, as mathematics teachers we can observe how the object changes and how it remains constant. We can try to figure out what the teacher is trying to tell us by giving this exercise. If it is not merely a set of random questions to answer for the purpose of practice, there must be more to it.
[bookmark: _w6g3rf51m92c]It is important that students notice differences between and within objects through attending to variation. Learning to notice patterns in the early years can help to develop this skill.  Teachers can aim to limit the number and nature of the differences they present to learners and thus increase the likelihood that their attention will be focused on mathematically important aspects of the object.
4. Let us use a simple example to show what this summary means. The following set of questions is not random. Try to see the set as a whole, as an object to study and learn from. Then answer the questions that follow.
[bookmark: _phqy88e0ow82]10 divided by 10 = 1
[bookmark: _vi2rdfbwkdzm]10 divided by 5 = 2
[bookmark: _u48417cvdhx3]10 divided by 4 = 2,5
10 divided by 2,5 = 4
[bookmark: _bbics72lebsp]10 divided by 2 = 5
[bookmark: _b4r0exs9fife]10 divided by 1 = 10
a. [bookmark: _lcuq69z7aeq]What do you notice happening?
b. What else is happening?
c. How has the teacher limited the differences between the questions in the set?
d. What is the teacher trying to focus attention on?
e. Can you make a generalisation from this observation?
f. Can we take this further by asking new questions?
g. [bookmark: _e5fk3d9feb2]How can you use this idea to reveal that “division makes smaller” is a misconception?
h. [bookmark: _peur7ze3jadw]How can you use this idea to teach division by a fraction?
[bookmark: _n0cap96gzaz3]
[bookmark: _qnfsalmsi98y]Discussion of Activity 27
[bookmark: _x326xduimk1z]Most teachers will teach division by a fraction using a rule for students to remember off by heart. This rule is given by the phrase “tip and times” which works at a surface level, to get the right answer, but why it works remains a mystery to all but the most curious of students.
[bookmark: _1qd0wbgxcd9p]Some teachers will try this way of explaining why “tip and times” works.
 =  = 10,5
[bookmark: _i39c2363trp]There is a lot going on in the above procedure that students may not automatically notice, but it does explain division by a fraction and, more importantly, why “tip and times” works. 
[bookmark: _bh1jntdz3867]To get rid of the fraction in the denominator, we have multiplied it by its inverse to get 1. To balance the numerator and the denominator, we have also multiplied the numerator by that inverse. We are left with something that looks like we have used “tip and times” to arrive there, but at least we can understand why it worked.
[bookmark: _ytuk8ekpzzg8]Let us focus on another example of a teacher asking questions of students, to see what it shows us and how questions may be used to teach division by a fraction instead of “tip and times".
[bookmark: _y9l80mks7nzb]You will notice that some of the questions are open ended, such as “What do you notice happening?” and “What else?”. Other questions are more directed, such as “How has the teacher limited the differences between the questions in the set?” and “What is the teacher trying to focus attention on?” These are scaffolding questions which the teacher asks to help move the mathematical thinking of the students forward. Here are examples of how the questions may be asked by a teacher, and answered by a student.
1. (Teacher) What do you notice happening?
[bookmark: _7at4h7wxz1cs]Student: The answers have been given. 
2. [bookmark: _4bfowvu9j9nv](Teacher) What else is happening?
[bookmark: _6x7lvhqxw85r][If the student doesn’t reply, move on to Question 3 to help the student.]
3. [bookmark: _gn0580ei5x93](Teacher) How has the teacher limited the differences between the questions in the set?
Student: The dividend of 10 doesn’t change.
4. [bookmark: _waaift3dinrp](Teacher) What is the teacher trying to focus attention on?
[bookmark: _mtec686f2dt7]Student: The other numbers (divisors and quotients) which are changing.
5. [bookmark: _bgelasb9cgt6](Teacher) Can you make a generalisation from this observation? In what way are they changing?
[bookmark: _tujpy8a3mrn]Student: We could say that the smaller the divisor, the bigger the quotient.
6. [bookmark: _q2uocyqhyd50](Teacher) Can we take this further by asking a new question?
[bookmark: _u58fuekenbrp]Student: We could ask division by a fraction or decimal less than 1.
[bookmark: _nwssfv5atmrh]Will 10 divided by ½ or by 0,5 be bigger or smaller than 10?
[bookmark: _heir13vgmox5]It will be bigger than 10 because the divisor is less than 1.
7. [bookmark: _qov337eb5n0z](Teacher) How can you use this activity to reveal that “division makes smaller” is a misconception? 
[bookmark: _na8nflahr4le]Student: By helping students to notice (using scaffolding if necessary), that the quotient is increasing as the divisor is decreasing and taking it to the point where they are dividing by a decimal or a fraction. This is where the idea stops working, for example, 10 divided by a ¼ = 40 which is a lot bigger than 10. 
8. [bookmark: _oljn66kim64o](Teacher) How can you use this activity to teach division by a fraction?
[bookmark: _nhni9tx4oarw]Student: A new set of objects with divisors which are fractions will help us to see what is going on when we divide by a fraction. 
[bookmark: _5iiukc95xxxd]
[bookmark: _hxclhz5076mj]Stop and think
Write these thoughts in your learning journal.
· [bookmark: _tgkfbc200v7t]Have you ever taught like this before? Briefly write down what you did.
· [bookmark: _g9fbtwcx7mn7]Could it work for teaching factorising? Try it.
· [bookmark: _tyl2f978o2q8]What are your initial thoughts about this way of teaching?
[bookmark: _j8voaehmn0g8]
Let us try another example using a simple form of variation on the topic of inequalities.

Activity 28: Inequalities
Suggested time: 75 minutes
Answer Activity 28 in your learning journal.

Task 1
1. Study the following object, a set of simple linear inequalities and their solutions, and then answer the questions that follow.
6x < 12 therefore  x < 2
4x < 12 therefore  x < 3
3x< 12 therefore  x < 4
2x < 12 therefore  x < 6
  x < 12 therefore x < 12
½  x < 12 therefore x < 24
⅓ x < 12 therefore  x < 36
¼ x < 12 therefore  x < 48

2. What do you notice happening to this list of inequalities? Check the result by using particular values of  to verify the solution.
3. In answer to what changes and what stays the same, we can see that the 12 has not changed.  What other parts of the inequalities are changing?
4. Were there any surprises for you? Explain.

[bookmark: _bm0o80h42g90]Task 2a
1. [bookmark: _3fgtnx4pontf][bookmark: _7djwoaf3b72p][image: ]Draw each of the inequalities from Task 1 on a separate Cartesian plane. Here is the first as a reminder. Inequality 1 is the same as Inequality 2, except that the line x=2 is not dotted which makes x=2 part of the solution.
[bookmark: _v8t8b6v1dwvk][bookmark: _k2pcuqq2ng6a][image: ]









2. [bookmark: _r3sz6m4x6umd]Now draw the remaining inequalities from Task 1.

[bookmark: _2o6eke6aex5t][bookmark: _z337ya]Discussion of Task 1 and Task 2a
Making the connection between the algebraic and the graphical format is not a random decision. It helps us to reach a deeper understanding of inequalities. The arrows to the left in Inequality 1 indicate that all values in that area satisfy the inequality 6x < 12 or x < 2.
This means that any point in the area will have an x value which is less than 2.  The dotted line for x = 2 indicates that x=2 is not included in the solution. Points P and K have different coordinates but we know that both their x coordinates are < 2. In Inequality 2, the x coordinates of P and K will also both be <2 but the solid line indicates that x = 2 is also part of the solution. 
Let us take it one small step further in the next Task 2b:


Task 2b
1. What do you notice happening to this list of inequalities? How is it different to the list of inequalities in Task 1? 
 
	Task 1 object 
	Task 2b object

	6x < 12 therefore x < 2
4x < 12  therefore x < 3
3x< 12   therefore x < 4
2x < 12  therefore x < 6
  x < 12  therefore x < 12
½  x < 12 therefore x < 24
⅓ x < 12  therefore x < 36
¼ x < 12  therefore x < 48

	-6x < 12 therefore x > -2
-4x < 12  therefore x > -3
-3x< 12   therefore x > -4
-2x < 12  therefore x > -6
-  x < 12  therefore x > -12
-½  x < 12 therefore x>- 24
-⅓ x < 12  therefore x > -36
-¼ x < 12  therefore x > -48



2. Highlight the aspects of Task 2b which are different to those in Task 1.  Check the results of Task 2b by using particular values of  to verify the solution, for example,  = 1.
3. In answer to what changes and what stays the same, we can see that the coefficient of  is now negative, but the numbers are still the same. This helps us to see what effect the negative coefficient has on the solution. Was this surprising to you? Explain. 
4. To be absolutely sure, draw the inequalities in Task 2b on the Cartesian plane.

Task 3
Answer these questions.
1. [bookmark: _Hlk140833018]If -x < 12, what values of x will satisfy the inequality?
2. If -2x < 12, what values of x will satisfy the inequality?
3. Sketch these two inequalities on separate Cartesian planes.
4. Sketch this inequality, -3x  12.

Discussion of Tasks 2b and 3
What we notice in Task 2b is that when there is a –ve coefficient of x, the < sign becomes >. It is important to check it with numbers so that it can be seen to be true, rather than just believing it as a rule. Variation in this way helps us to see it very easily. 
In Task 3 no 1:
If -x < 12 then x > -12. Choosing a number > -12 to check, let’s choose x = -1. It gives us the statement –(-1) < 12 which is true. Similarly, if -2x < 12 then 2x>12 and x> - 6.



-2x < 12
-6
-x < 12
-12







-3x  12
-4







Note this vertical line is not dotted because -3x is < and = to 12.
Using what you learned about linear inequalities in Activity 28, we will now move onto quadratic inequalities and see how variation theory helps us to understand them better. Remember, we are observing what stays the same and what changes, as well as how the changes work.

Activity 29: Quadratic inequalities on the Cartesian plane
Suggested time: 45 minutes
Answer Activity 29 in your learning journal.
Task 1a
1. Use a sketch on the Cartesian plane to solve this inequality +5x +6 > 0. 
The solution is as follows: 
First solve the equation +5x +6 = 0 to get the roots
(x +3) (x+ 2) = 0
x = -3 or x = -2
Figure 3














In Figure 3, point A has an x co-ordinate less than - 3 and a B co-ordinate just greater than -2. These points are in regions which are both positive. It means that for x values less than or equal to -3 or x values greater than or equal to - 2, the corresponding y values (the y co-ordinate for each of those points) will be positive. In the same way, any point on the graph with an x value less than -3 or greater than -2 will have corresponding y values which are positive. The roots enable us to determine the regions which are positive or negative and hence, which parts of the graph are positive and which are negative. For example, for values of x between -3 and -2, the points on the graph will be negative because the region is below the x axis where the y values are negative.
We can also use this graphical method to show the solution to the inequalities.
2. Sketch the equation with a dotted line and put in the roots and the y intercept. Now we look for where (for which values of x) the graph is positive.

Figure 4












The solution is as follows:
The solution to the quadratic inequality is any point where the scribble lines are placed. This represents all the points on the graph which have an  co-ordinate less than -3 or greater than -2 (  < -3 or  > -2).  

Task 1b
1. +5x +6  0 is a variation of the first quadratic inequality in Figure 3 and looks like this in Figure 5. Try and figure out why it looks the same as Figure 4?

Figure 5














2. Explain the difference between the first quadratic inequality Figure 4 and the one in Figure 5.


Task 2a
Use the graphical method to solve the inequality.
 - x -12  0 
The solution is in Figure 6. 

Figure 6














Task 2b
Making use of Figure 5, you can now draw the following inequality in your learning journal
 - x -12  0.

Discussion of Task 1 and 2
It should now be clear how changing one element of the question allows us to focus on that particular element, make generalisations and draw conclusions about that element. Changing the line of the graph from solid to dotted changes an equation (=) into an inequality (< or >). When identifying areas which are positive or negative we are looking for areas where the y values of the co-ordinates of a point are positive or negative. If y is 0 at the x axis, then in Figure 6 we can see that any point which has an x co-ordinate less than -3 or greater than 4, will have a corresponding y value which is positive. Hence the scribbles in that area. 


Task 3a
1. Study the graph in Figure 7 and observe what has changed in relation to Figure 4. 
2. Use what you notice to determine the solution to the inequality represented by Figure 7?

-3
6
y
-2
x
Figure 7















Discussion of Task 3a
The algebraic inequality of the original is +5x +6 > 0 represented in Figure 4 . In Figure 7  we are looking at where the graph is less than zero so the inequality will be +5x +6 < 0.
The solution is -3 < x < -2. What we may notice is that x has to be > -3 and < -2 at the same time. 

Stop and think
When you teach this to students, it can rather be stated as  is greater than -3 and  is less than -2. This could be a better way to introduce the meaning of “and” in this context, using words rather than mathematical symbols which are at first sometimes a barrier.  

Task 3b
1. If you were to draw the inequality represented by 5x +6  0, explain (write down) how it would be different to Figure 7?
2. Draw a sketch of this inequality.

[bookmark: _44sinio]Discussion of Task 3b
[bookmark: _nkk8wf4tnnkr]You will have noticed that in each figure in Activity 29 there has been very little variation. The purpose of this is to focus attention on one aspect at a time and build knowledge incrementally. In Activity 28, we focussed on the difference between < and  as well as when x has a negative in front of it. In Activity 29, we focussed more on which parts of the graph were > or  as opposed to < or  and how to represent these features in a graph on the cartesian plane.
[bookmark: _v37jebpw5dss]Let us take this idea a step further. We know that multiplying or dividing by a negative when we are solving inequalities is different to when solving equations. Let us find out if variation theory can help us to sort this out.
[bookmark: _2nuqi3de4dm5]
Activity 30: Multiplying an inequality by a negative number
Suggested time: 60 minutes
Answer Activity 30 in your learning journal.
Task 1
1. Think about what you did in Activity 28. 
Activity 28 ended with the following questions:
1. If -x < 12, what values of x will satisfy the inequality?
2. If -2x < 12, what values of x will satisfy the inequality?
3. Sketch these two inequalities on separate Cartesian planes.
4. Sketch this inequality, -3x  12.

To answer - x < 12, we need x to be anything > -12 so the solution is x > -12 and the solution to -2x < 12 is x > - 6. 
If we line them up, it is easier to see what is happening. 
 - x < 12 therefore x > - 12
 - 2x < 12 therefore   x > - 6
2. Now try these:
 - 3x < 12 therefore   x  ….. 4
 - 4x < 12 therefore   x  ….. 3
We notice that when multiplying or dividing by a negative number, the inequality sign has turned around. 

Task 2
1. If it works for linear inequalities, will it work with quadratic inequalities as well? 
Explain what is happening below. 
Our original inequalities were +5x +6 > 0 and  - x -12  0 
But -(5x +6) > 0 is the same as +5x +6 < 0 
and - (- x -12)  0 is the same as  - x -12 < 0 
and  - + x +12 >0 is the same as - x -12 < 0. 
2. And now something for you to try:
 -(2-5x -3) < 0 is the same as 2-5x …. …….. 0
………………………      is the same as   3x -28 < 0
Discussion of Task 2
Yes, it does work for quadratic inequalities but it is a little more complex to see and to solve. We can see that if we try to solve -(+5x +6) > 0 our solutions will be where the x values are negative. When looking at what stays the same, it is the actual roots. So, it works for quadratic inequalities as well, that when we divide (or multiply) through by -1, the inequality sign will change.
The solution to 2-5x -3 > 0, which is the same as -(2-5x -3) < 0, will be easier to find if we sketch their graphs as seen below.
y
x
-½

3
Fig 7
Figure 8
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Figure 9










Let us look at the two graphs in Figure 8 and Figure 9 and observe how they are the same and how they are different. 
They look different and the scribbles are on opposite sides of the x axis, and yet they have the same roots.
Also, the solution of x < -½  or x > 3 is the same for both the inequalities.  
If we are not certain that this is true, we can check it by substituting values for x into each of  the inequalities. 
If x = -1, we expect it to satisfy -(2-5x -3) < 0 by giving us a negative answer.
If x = -1, then -(2-5x -3) = -4.
If x = 4, then -(2-5x -3) = -9.
and
If x = -1, we expect it to satisfy 2-5x -3 > 0 by giving us a positive answer.
If x = -1, then 2-5x -3 = 4.
If x = 4, then 2-5x -3 = 9.
This investigation shows us that -(2-5x -3) < 0 is indeed the same as 2-5x -3 > 0. 

Let us do one more example of how to teach inequalities in a new way.


Task 3
1. Solve the following inequality using a positive coefficient of the x2 term:
- 8x2+2x+1< 0
2. First rewrite the inequality as 8x2………..
3. Then solve it by drawing a graph.

Discussion of Task 3
Notice that there is no bracket after the negative sign, so the only term that is negative is the first term. In order to change this into an inequality with a positive coefficient of the x2 term, we need to multiply each term by -1 which will change the signs of all the terms, as well as the inequality sign.
We can therefore rewrite the inequality as 8x2- 2x -1> 0 and the graph will look something like the one in Figure 10.

-¼ 
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Figure 10











Activity 31: Making notes
Suggested time: 30 minutes
Before we move on, make notes in your learning journal of what you have learnt.
1. What do you understand at this stage about the use of variation theory to learn new concepts?
2. What do you think the role of the lecturer is when using this teaching tool?
3. How much independent thinking is required of the student.

Discussion of Activity 31
Variation theory can be used to learn new concepts when we provide students with the questions and the answers in a list format so that they can observe and work out what remains the same, what is changing and how it is changing. The role of the lecturer is twofold. Firstly, the lecturer needs to select suitable activities to teach in this way. An example of what could work well is the multiplying of binomials and factorising trinomials. Make two columns and you will see that the one is the answer to the other. This can be a way to teach factorising of trinomials with students seeing the connection from the start.

	Multiply these binomials
	Factorise these trinomials

	(x+2)(x+3)=
	x2+ 5x + 6=

	(x+2)(x+4)=
	x2 + 6x + 8=

	(x+2)(x+5)=
	x2 + 7x + 10=

	(x+2)(x-3)=
	x2- x - 6=

	(x+2)(x- 4)=
	x2 - 2x - 8=

	(x+2)(x- 5)=
	x2 - 3x - 10=



[bookmark: _Hlk140834069]The lecturer needs to scaffold the activity for students who need extra help getting started or moving on. 
The student is expected to observe what is happening without being told; in other words, it should involve independent thinking. The student is required to ponder for a while before asking for support from the lecturer. Ideally, the student will work it out themselves. 
The next section of this unit looks into “the paradox of the Chinese learner” to find out how Lai & Murray try to solve it using variation theory.

Activity 32: Procedural variation
Suggested time: 30 minutes
Answer Activity 32 in your learning journal.
1. Read the following paragraph from Lai& Murray’s article on procedural variation and answer the questions that follow.
What is varied and what remains invariant is intended to have a direct impact on the pupils’ discernment of concept(s). By systematically keeping some things invariant while others are varied and then changing what is varied and what remains invariant, students are able to “see” (to directly perceive or intuit) concept(s). Interestingly, despite repetition in exercises (Vincent & Stacey, 2008), some Western textbooks do not use variation in a systematic way such that it enhances students’ capacity to generalize (Yeap, Ferrucci & Carter, 2006). Thus, for teachers, it is critical to consider how to create proper forms of variation in the mathematics classroom and form the necessary conditions for students‟ learning in relation to the intended learning goal(s) (Huang & Leung, 2004). Based on this rationale, in the context of the Chinese way of teaching, a sequence of similar tasks is not considered rote-drilling exercises but tasks that promote deep understanding.
a. Are Lai & Murray correct when they say “Some Western textbooks do not use variation in a systematic way?” What about South African mathematics textbooks? 
b. What is the difference between exercises in Western textbooks which drill a particular concept, and those that you might find in a Chinese textbook?
c. Why is a sequence of similar tasks using variation not considered rote drilling?
2. According to Gu, Huang and Marton (2004), procedural variation is derived from three forms of problem solving. Do these three forms of problem-solving sound like rote learning to you? Explain your thinking.
(1) varying a problem: extending the original problem by varying the conditions, changing the results and generalization; 
(2) multiple methods of solving a problem by varying the different processes of solving a problem and associating different methods of solving a problem; 
(3) multiple applications of a method by applying the same method to a group of similar problems. 

Lai & Murray give an example of this type of procedural variation as “addressing the misconception that division makes smaller”. You will recognise this from our first example in this unit which dealt with this concept. Activity 33 will take this idea much further.
We will see how variation allows us to probe and explore a number of concepts, starting with solving a simple problem. 

Activity 33: More procedural variation
Suggested time: 60 minutes
Answer Activity 33 in your learning journal. 
  
Task 1
There are 10 litres of soup and several containers in all sizes from 5 litres to 1 litre, as well as a container of 500 ml.
1. If 5 litres of soup are put into each container, how many 5-litre containers will they need?
2. If 4 litres are put into each container, how many 4-litre containers will they need. Will this be enough? Will they need another container?

Discussion of Task 1
If we remove the question from the context, we will be looking at the following sequence of selected questions.
10 divided by 5 = 2
10 divided by 4 = 2,5
10 divided by 2,5 = 4
10 divided by 2 = 5
10 divided by 1 = 10

We can come up with a generalisation that the smaller the divisor, the bigger the quotient. Here we are already dispelling or dismissing the misconception (mistaken belief) that division always makes smaller.  

At this point, the role of the lecturer becomes crucial. If they hurry onto the next question, the opportunity for the students to correct the misconception will be lost. They could ask them to explain what else they notice and try to get them to make a generalisation. 
Then the lecturer could ask, “What if the divisor is a fraction?” Will the answer be bigger or smaller? 
We call this scaffolding. By asking particular questions, the lecturer enables the students to build the concepts needed and to correct their misconceptions.
This is not rote learning or mindless memorising in the Western sense. 
We will deal with the idea of scaffolding in more detail in Unit 5. For now, it is important to point out that the way we talk in mathematics lessons has a big impact on what and how the students learn new concepts.
Take a look at the next part of the sequence which is division by a decimal or fraction.

Task 2
1. What more is there to learn from the sequence in Task 1? 
2. If the answers hadn’t been given to you for division by a decimal or by a fraction, how would you be able to work them out? 

Discussion of Task 2
We have noticed so far that the answers will be > 10.
10 divided by 0,5 > 10  and =20
10 divided by 0,2 > 20 and  = 50
10 divided by 0,1 > 50  and = 100

Now look at the same set, but without the inequality.
10 divided by 0,5 =20
10 divided by 0,2  = 50
10 divided by 0,1 = 100
10 divided by 0,25 = …?

After a while, we will notice that to get the answer we can multiply both the dividend and the divisor by 10:

So,   =  =  = 20

and  =  =  = 50

and  =  =  = =  ……
If you see and understand the pattern, division by a decimal becomes easy, and not just a rule to remember.
There is even more to learn. 

Task 3
1. How do we decide whether to multiply both the dividend and the divisor (numerator and denominator) by 10 or another number?
2. What if the divisor is 0,05?
3. Use the following set of questions to help you make a generalisation.
a. 0,5 x 10 = ….		
b. 0,05 x 10 x 10 = ….
c. 0,005 x 10 x 10 x 10 = ….
d. 0,002 x 10 x 10 x 10 = ….
e. 0,02 x 10 x 10 = ….
f. 0,2 x 10 = ….

Discussion of Task 3
We need to understand the reason for multiplying both numerator and denominator by 10 or another number. It is to remove the decimal. In order to remove one decimal place, we multiply by 10.  If we multiply the denominator by 10, then we must multiply the numerator by 10 so that the value of the expression remains the same. 
a. 0,5 x 10 = 5 
b. 0,05 x 10 x 10 = 5. 
c. 0,005 x 10 x 10 x 10 = 5 
d. 0,002 x 10 x 10 x 10 = 2
e. 0,02 x 10 x 10 = 2
f. 0,2 x 10 = 2
100 divided by 0,05 is the same as 1 000 divided by 5 = 200 (multiply dividend and divisor each by 100).
Can we apply what we’ve learned to other questions?
10 divided by 0,5 is the same as 100 divided by 5 = 20
10,5 divided by 0,5 is the same as 105 divided by 5 = 21
10,5 divided by 0,3 is the same as 105 divided by 3 = 35
0,4 divided by 0,008 is the same as ……
This shows that if we understand the general principle, we can apply it to any decimal division question. Using variation procedure to work out general principles is not what researchers in the West would call “rote drilling”, and yet this how it is regarded by the Chinese learner. 
Another way of asking the question to tell if you understand the concept would be to ask, ”What divided by 0,5 will give you 22?”.
If you study the Questions in Task 1 and 2, this is easy. You start with what you know which is:
10 divided by 0,5 is the same as 100 divided by 5 = 20
10,5 divided by 0,5 is the same as 105 divided by 5 = 21
 …….. divided by 0,5 is the same as ……. divided by 5 = 22
You may prefer to use the idea that the divisor x the quotient = the dividend. So, 0,5 x 22 will also give you the answer of 11. For this you need to know how to multiply by a decimal which can easily be taught using variation. 

[bookmark: _Toc143509844]Asking questions
You may find the previous example of division by a fraction or a decimal unnecessary as it can easily be done on the calculator. Our aim, however, is to show how procedural knowledge can be built by posing the right questions and using variations in the questions in order to come up with generalisations. 
If you try to answer questions without any connection to other questions, it is much more difficult to answer and you end up relying on rules which are not necessarily connected - and more difficult to remember. 
[bookmark: _Toc143509845]Useful and less useful questions
Activity 34 is adapted from Watson and Mason (2006) and helps us to clarify which sets of questions (objects) are more useful and which are less useful. Watson and Mason say:
Here are three contrasting examples of exercises in which learners have to find the gradients of straight line segments between two given points on coordinate grids, and represent them on a diagram. Again, we have offered these exercises to several groups of teachers and teacher educators to learn more about the range of possible reactions.

Activity 34: Finding the gradient
Suggested time:  40 minutes
Answer Activity 34 in your learning journal. Compare and comment on each task. 
Task 1
Find the gradients between each of the following pairs of points.
a. (4, 3) and (8, 12)
b. (-2, -1) and (-10, 1)
c. (7, 4) and (-4, 8
d. (8, -7) and (11, -1)
e. (-5, 2) and (-3, -9)
f. (-6, -9) and (-6, -8)
g. (-1, 0) and (5, -1)
h. (-3, 5) and (-3, 2)
 
Task 2
Find the gradient between each of the following pairs of points.
a. (4, 3) and (8, 12)
b. (-2, -3) and (4, 5)
c. (-3, 4) and (8, -7)
d. (a, b) and (j, k)
e. (0, a) and (a, 0)
f. (0, 0) and (a, b)
Task 3
Find the gradient between each of the following pairs of points.
a. (4, 3) and (8, 12)
b. (4, 3) and (4, 12)
c. (4, 3) and (7, 12)
d. (4, 3) and (3, 12)
e. (4, 3) and (6, 12)
f. (4, 3) and (2, 12)

Discussion of Activity 34
Watson and Mason (2006) discuss the activity.
In Task 1, the variation of signs is controlled so that all possible pairs occur, but numbers and relative values vary, and there is little apparent system even in the variation of signs.
A diagram would add little sense to the variety that is produced and it is not clear that the concept of gradient, as a slope property, would be the focus of attention. It is more likely, because the variation is in the signs, that subtracting and dividing directed numbers will be the focus.
In Task 2, there is selective practice of various possibilities followed by an invitation to write gradient as a formula, expressing a generality that the student must already know in order to do the earlier questions. This is then followed by questions about special cases of the formula, so that we can see the intended generalization of gradient calculations is the focus.
In Task 3, variation is tightly controlled by only varying the x-coordinate of the second point. Some technical practice is offered, but this breaks down when the x-coordinate is 4 because this means you have to divide by zero. An accompanying diagram would help to make sense of this. Some find the third exercise too constrained for the development of technical fluency, even boring, while others find that it is the most interesting of the three because it invites questions and further exploration, and includes a little shock that does not yield to an algorithmic approach. The focus is on varying gradients in a controlled way so that gradient changes from being a name for the answer to a calculation, to being a relationship, to being a property and also an arena for conjecture.
Watson & Chick (2011) highlight the importance of teachers and lecturers selecting mathematical tasks and examples with adequate variation to ensure that the critical features of the intended concept(s) are exemplified without unintentional irrelevant features. 
Lai & Murray describe the second type of procedural variation as “Multiple Methods of Solving Problems”. 
They suggest that we teach three different ways of solving simultaneous equations:
(i) substitution, (ii) elimination, and (iii) graphical method.
They also point out that although substitution will always work, it is not necessarily the most efficient way of solving all simultaneous equations. However, elimination might be more effective in some situations and enabling students to see the connection between the algebraic and the graphical methods leads to a deeper understanding of simultaneous equations. 
Try your own example in your learning journal and then explain which algebraic method you chose and why. Also explain how the algebraic and graphical methods are connected.


Activity 35: Simultaneous equations on the cartesian plane 
Suggested time: 40 minutes
Answer Activity 35 in your learning journal.
1. Solve these equations simultaneously using two different methods. Do the one method on graph paper. Copy the grid below into your learning journal and then sketch your answer.
y + 4 = 3x 
2x + y = 10
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


Discussion of Activity 35
You could have used elimination or substitution in this situation.
The graph shows that the x and y values from the algebraic solution are the same values as where the two graphs meet. This means that at that point, those particular x and y values appear on both graphs, hence the idea of simultaneity.
The third and final form of procedural variation is to vary the structure of the problem.  Lai & Murray use the famous handshakes problem as the first of three problems which build this type of variation. 

Activity 36: How many handshakes?
Suggested time: 50 minutes
Answer Activity 36 in your learning journal. 
Task 1
A certain number of people meet at a party and each person shakes hands with every other person, but only once. 
1. How many handshakes are there? If there are four people, we could represent this idea with a diagram with the four people being A, B, C and D.
[image: ]








2. Continue this idea by drawing a diagram for five people, and then for six people. 

Task 2
1. Explain how this starts to look like a geometric problem about sides and diagonals, etc.
2. How many sides + diagonals in a dodecagon? Do not use a formula which you already know, but build up to a formula and then use it.
3. How many diagonals in a dodecagon? Again, do not rely on a formula which you already know.

Task 3
Suggest another problem which uses the same idea? (Tip: Unit 2)

Task 4
Show how the original handshakes problem can help to solve the following problem set by Lai & Murray. 
In a village there are 20 streets. All the streets are straight. One lamp post is put up at each crossroads. What is the greatest number of lamp posts that could be needed? 
To quote Lai & Murray, “The preceding (three problems) illustrate how the application of the same method to a group of similar, but varying, problems can provide a scaffold for learners to make connections between interrelated mathematical ideas.”

Discussion of Activity 36
Task 1
Number of handshakes for four people:
AD AC AB
BC BD
CA = 6 handshakes

[image: ]Number of handshakes for five people:
AB  AC  AD  AE  
BC  BD  BE  
CD  CE
DE = 10 handshakes



For a hexagon ABCDEF which has 6 sides the number of handshakes will be:
AB  AC  AD  AE  AF
BC  BD  BE  BF
CD  CE CF
DE DF
EF 

Let’s look at the pattern that is developing:
Four people = 6
Five people = 10
Six people = 15
Another way to arrive at 6, 10 and 15 is to say
½(4x3)	½(5x4)	½(6x5)
Using this we can find the number of handshakes of any number of people:
e.g.   for 65 people we calculate ½(65 x 64) 
and for x number of people we calculate ½(x)(x-1)

Task 2:
In Task 1 the number of handshakes is divided by 2 because when A shakes hand B it is the same as B shaking hand A. 
Similarly, when we look at how many diagonals there are in a polygon we divided by 2 because AC is the same as CA is A and C are vertices of the polygon. Look at the pentagon drawn in Task 1. 
Diagonals: 
AC  AD  
BE  BD
CA  CE
DB  DA
EB  EC
There are 10 diagonals given here but the actual answer is 5.
The rule is ½(n)(n-3) if n is the number of sides of the polygon.
A dodecagon has 12 sides. You needed to draw the shape and count diagonals. 
½(n)(n-3) is the rule.
½(12) ( 9) = ½ of 108 = 54 diagonals

Task 3:
Let’s use an example of phone calls on a phone network. There are 8 homes in a neighbourhood that form a phone network where they check in with each other once a week. How many phone calls will be made if each home only speaks to each other home once in the week. 
½(n)(n-1)
= ½ (8) (7)
= ½ (56)
= 28 phone calls. 


Task 4:
	Number of streets
	Number of lampposts
	Visual representation

	1
	0
	[image: ]

	2
	1
	[image: ]

	3
	3
	[image: ]

	4
	6
	[image: ]

	5
	10
	[image: ]



Ultimately you get to a visual representation of 10 by 10 streets which require 
½ (20)(19) lampposts
= 190 lampposts
What is required is to see the similarities in structure of these problems. 

[bookmark: _Hlk141016989]Activity 37: Reflection on Unit 4
Suggested time: 15 minutes
Write in your learning journal about what you have learnt in this unit. 
1. What new knowledge did you gain, and what happened when you applied it.
2. What new insights or knowledge did you get from the unit?
3. What will you do to apply what you have learnt in your daily teaching?

[bookmark: _Toc143509846]Discussion of Unit 4
We can see from the examples in this unit that what we call “rote learning” or “drilling” in South Africa, is very different to what is meant by “rote drilling” in China. These examples show the development of mathematics concepts at varying levels. However, if our aim is merely to learn the surface aspects of a procedure, then the two types of rote become quite similar. It is the task of the lecturer to know the difference and to scaffold the learning so that students get the most out of their learning. 
Lai & Murray end by saying, “the value of procedural variation for enhancing student understanding goes some way to explain why Chinese students consistently outperform their Western counterparts in many international comparative studies, and thus to unfolding the paradox of the Chinese learner”.
In Unit 5, we focus on the topic of Math Talk. We have already introduced the importance of using scaffolding to develop deep understanding of concepts and general principles of mathematics, as opposed to just teaching an endless set of rules. Unit 5 also looks at different ways in which we can talk about mathematics with our students.



[bookmark: _Toc143509847]Unit 5: Math Talk 
[bookmark: _heading=h.3rdcrjn][bookmark: _Toc143509848]Introduction
For many students and teachers/lecturers, mathematics is a subject of numbers, patterns and shapes, and not a subject of language. It was possible in the 1970s to sit through an entire tutorial session at a top South African university, in complete silence, with the lecturer/tutor writing solutions on the board. At the same time, at school level, teachers would ask standard type questions which required students to carry out standard procedures which would later appear in examinations. If we relate this to Units 1 and 2, we can see that this limits the learning to an instrumental understanding and to the lower-order thinking of cognitive levels 1 and 2. 
By the 1990s, new ways of looking at questioning patterns were introduced. They were being explored and promoted by researchers such as Forman and Ansell (2001), Staples (2007), O’Connor and Michaels (1993, 1996) as well as in Chapin, O’Connor and Anderson’s book Classroom Discussions: Using Math Talk to Help Students Learn, Grades K-6(2009). “Math Talk”, includes finding new ways of talking about mathematics, asking questions and pointing out different aspects of a question so that students can figure it out themselves. We suggest that the ideas about Math Talk are applicable for all student levels. Revoicing which is an easy and effective Talk move will be a focus point in this unit.
This unit also covers the importance of using multilingualism in the classroom. Most students in South Africa are not taught in their home language. This causes barriers to the development of concepts, which is best done in their home language. We look at ways in which these barriers can be turned into resources. 

[bookmark: _heading=h.26in1rg][bookmark: _Toc143509849]Unit 5 outcomes
By the end of this unit, you should be able to:
· Identify different Math Talk moves
· Implement different Math Talk moves in your own teaching 
· Understand the value of using home language in the teaching of mathematics to second language speakers
· Use multilingual techniques in the teaching of your students where appropriate.


[bookmark: _heading=h.lnxbz9][bookmark: _Toc143509850]From “chalk and talk” to orchestration of whole class discussions
[bookmark: _heading=h.35nkun2]“Chalk and talk” is still a popular style of teaching in South Africa today. It is based on the idea that teachers have the knowledge and need to impart it to the students who are expected to keep quiet throughout the lesson.
[image: C:\Users\sheilad\South African Institute for Distance Education\AdvDipTVT_Phase 2 (082) - Documents\Module_Mathematics Method\Multimedia\Unit 5_Activity 39a.jpg]











[image: C:\Users\sheilad\South African Institute for Distance Education\AdvDipTVT_Phase 2 (082) - Documents\Module_Mathematics Method\Multimedia\Unit 5_Activity 39b.jpg]An alternative to this style could be a lesson using more questioning than telling. After a short input by the teacher, which introduces a new idea or an activity, an inquiry based teaching style relies on questioning techniques which have been explored by, among others, Moodley, Njisane and Presmeg (1992).

The traditional format of questioning in a mathematics classroom has been described by Mehan (1979) as the initiate, respond, evaluate (IRE) format:
· The teacher asks a question (I), initiate
· The student responds (R)
· The teacher evaluates (E) the answer. 

More recently, F for feedback has been added onto the IRE format. Staples, in her paper of 2007 asks if we are ready to ditch the IRE/F format. She refers to the “staying power of traditional models”. Once in the classroom, student teachers tend to teach in the way that they were taught due to that “staying power”. It seems to take a number of conscious interventions to break free of this power.  Following on from this idea, Brodie (2008) suggests that we need to explore the feedback options more as it is the preferred style of most South African teachers. 
[bookmark: _heading=h.umur9864t9cb][bookmark: _heading=h.hyjt99qf27t2]Activity 38 introduces the concept of revoicing as one of the ways in which teachers could talk in a mathematics classroom. 

Activity 38: Mathematics conversations
[bookmark: _heading=h.twd0xmadkkqp]Suggested time: 90 minutes
Answer Activity 38 in your learning journal.
[bookmark: _heading=h.3ggvt2vywrhs]Task 1
[bookmark: _heading=h.p9ippwes6e3s]How would you normally teach the theorem “in a circle, the angle at the circumference subtended by the diameter is equal to 90°”? (The angle in the semicircle)
[bookmark: _heading=h.nwfcdxuuqaec][bookmark: _heading=h.eerjxr5cti12]Task 2
(adapted from an excerpt from Brodie (2007))
[bookmark: _heading=h.alukiobtfpim]Read the following excerpt of a conversation between a teacher and students. The teacher has drawn a diagram for them to talk about. What follows is a discussion/dialogue between the teacher and the students about the diagram. The dialogue goes beyond the IRE question-and-answer style. After reading the dialogue, engage with the questions that follow.
[bookmark: _heading=h.q740cgyx9eqw]
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1. [bookmark: _heading=h.9wute8lu3jkz]Keith: I think B is the diameter.
2. [bookmark: _heading=h.v51lx1l8zjr5]Teacher: Can B be the diameter?
3. [bookmark: _heading=h.45cabvkd7378]Kenny: But B doesn’t go through the centre, so it can’t be the diameter.
4. [bookmark: _heading=h.obke749qk73b]Teacher: It’s not going through the centre of the circle.
5. [bookmark: _heading=h.r9tu8d5l9hlf]Keith: So BC is actually the diameter.
6. [bookmark: _heading=h.eufkezogbf87]Teacher: BC goes through the centre, so it’s the diameter.
7. [bookmark: _heading=h.dirr77wbs5zo]Kenny: Can you say that the angle subtended from the diameter is always 90°?
8. [bookmark: _heading=h.yf1r3x9jva2y]Teacher: Okay, Kenny is saying that the angle subtended by the diameter is always 90°. Can you see how this diameter BC has lines from it which form an angle up there (showing with her hands on the diagram). So, it’s not just arcs which subtend angles, but chords can also subtend angles. 
9. [bookmark: _heading=h.70odj087jq01]Keith: But BC can also be an arc if it follows along the circumference from B to C.
10. [bookmark: _heading=h.raxnz335unuj]Teacher: Kenny, what did Keith just say? 
11. [bookmark: _heading=h.i7e8xtsvrt43]Kenny: He said that BC isn’t only a diameter, it is also an arc. 
12. [bookmark: _heading=h.ybdfennsy3d9]Faiza: Are the angles always going to be 90°?
13. [bookmark: _heading=h.vo7nogog74b9]Teacher: Faiza says it’s always equal to 90°. Shall we check? Any ideas how we could check?
14. [bookmark: _heading=h.qegmc15z01ik]Keith: We can draw more angles subtended by the diameter and then measure the angles.
15. [bookmark: _heading=h.lmjhh13d3mt4]Sally: What did Keith say?
16. [bookmark: _heading=h.g78cpua8hj70]Kenny: He said we can draw other angles subtended by the diameter and then we can measure the angles.
17. [bookmark: _heading=h.ivrwpzwpsplv]Sally: Thanks.
[bookmark: _heading=h.c8yprebm350g]Class resumes after 15 minutes.
18. [bookmark: _heading=h.lxap8444h9gq]Teacher: So what did you find out?
19. [bookmark: _heading=h.8vmp5m4m898x]Faiza: I was right. They’re all 90°.
20. [bookmark: _heading=h.9eh68xbdd43g]Teacher: So, when you draw an angle subtended by the diameter you always get a right angle?
21. [bookmark: _heading=h.hke69ew7pr7r]Keith: But I didn’t get 90°. I got 88° for the one angle and 91° degrees for the other angle. So now I’m confused.
22. [bookmark: _heading=h.putrw0mjsbjt]Teacher: Any ideas why Keith didn’t get right angles?
23. [bookmark: _heading=h.9uvecj9yhm45]Sally: He’s using a blunt pencil so he can’t measure properly.
24. [bookmark: _heading=h.3806gnv8pcjo]Teacher: Thanks Sally, don’t forget to sharpen your pencils when you do geometry drawings. But, there’s another reason. We’re not robots so we factor in the possibility that your drawings won’t be accurate. We allow for one or two degrees from the actual answer. 
25. [bookmark: _heading=h.qryo6fsvhbeu]Teacher: Can you think of another reason how we know that the angles will always be 90°?
26. [bookmark: _heading=h.lo5rdm5skq8p]Kenny: It’s something to do with the angle at the centre, but I can’t see it.
27. [bookmark: _heading=h.q88v0ri76ahk]Teacher: Kenny says it has to do with the angle at the centre. Let’s take that idea further. 
28. [bookmark: _heading=h.ip7jcahr6a8c]Sally: Isn’t the angle at the centre 180°.
29. [bookmark: _heading=h.xt9vx6o77tbu]Faiza: Oh yes, it’s a straight line so it’s 180°. Wow! I didn’t realise that.
30. [bookmark: _heading=h.s4cdhvl8gxrw]Teacher: So, if the angle at the centre is 180°, then the angle at the circumference will be 90°. So, you’ve found two ways to show that the angle at the circumference subtended by the diameter is always going to be 90°, a right angle. 
31. [bookmark: _heading=h.vohcgclxeiw1]Kenny: Where must the angle be? I got an angle of 130° and I don’t understand why.
32. [bookmark: _heading=h.jdvw39rzuszj]Teacher: Who can tell why Kenny got an angle of 130°?
33. [bookmark: _heading=h.hoz5b6y125fx]Faiza: His angle is in the wrong place. It should be on the circumference, but instead it is somewhere inside. 
34. [bookmark: _heading=h.giv0yjjoihhs]Teacher: So, Faiza is saying that the angle must be on the circumference. That should fix your problem, Kenny.
[bookmark: _heading=h.28er7gvwcwdu][bookmark: _heading=h.eot0adrldhhf]There are a number of things happening in this conversation which do not usually happen in a mathematics classroom. 
1. [bookmark: _heading=h.rd2n5m62893c]Identify what those things are. 
2. [bookmark: _heading=h.g4e642lcokr0]How is this lesson different to the one you wrote down in Task 1? 
3. [bookmark: _heading=h.hdfwj8wofm7u]What is the role of the teacher? 
4. [bookmark: _heading=h.k248a5p0g1d7]What do you notice about the students? 

[bookmark: _heading=h.9or9l4au6ti]Discussion of Activity 38
[bookmark: _heading=h.hjxlwsuq40p8]In Task 1, you were asked to write down your way of teaching the theorem that the angle at the circumference subtended by the diameter is 90°. The traditional way of teaching this is to introduce the theorem (“chalk and talk”), get the students to memorise it, and then ask a couple of questions and riders using the theorem to reinforce the learning. There is nothing wrong with this way of teaching, but students who have to learn many theorems find it difficult. This is why new ways of teaching theorems might be helpful. 
[bookmark: _heading=h.j0cbhqeyeaoq]Task 2 is based on the way this theorem was introduced by a Grade 11 teacher at a South African school. She drew the diagram and allowed the students to come up with their own ideas about it. (We can assume that the theorem stating that the angle at the centre is twice the angle at the circumference of a circle had already been learned by the students in this classroom.) At first, there was confusion about the diameter which was then clarified that it had to go through the centre of the circle. This was followed by the connection and difference between a chord and an arc and, finally, the actual theorem emerged and was stated. The questions were mostly driven by the students rather than the teacher. So, what was the role of the teacher? 
[bookmark: _heading=h.2kfc224rroh6]The teacher kept the lesson moving, but when a student said something or asked something worth noting, she either repeated it herself or asked another student to repeat it. This technique of repeating or rephrasing something which has been said in the classroom, usually something said by the students themselves, is known as “revoicing” (O’Connor & Michaels, 1996).  Revoicing can take a number of forms with the simplest form being repetition of what someone else has stated. This highlights to the student that an idea might be important and it gives students time to think about it and process the idea for themselves (Sherman 2012). 
[bookmark: _heading=h.uivdmpserj4j]Let us look at each of the teacher’s responses in the excerpt.
[bookmark: _heading=h.hjd614pe4vst]In her first few responses, she uses repetition to help the students clarify the diameter concept.  
[bookmark: _heading=h.ibp0cmr707t4]In line 2, the teacher repeats what Keith says by turning his statement into a question?
[bookmark: _heading=h.i4bpwdr0hibb]In line 4, she reinforces what Kenny has just said.
[bookmark: _heading=h.otylfqfsso3d]In line 6, she brings the two ideas together by repeating what the students have said. 
[bookmark: _heading=h.sf3roep8us3e]In line 8, she notices that Kenny has introduced the idea of the angle being 90° which is a big idea and worth repeating. All the above Talk moves are forms of revoicing. The teacher also introduces the idea that the chord, and not only the arc, can subtend an angle. This is the first time she introduces new information and gives them a chance to talk about it. 
[bookmark: _heading=h.s0bekmnum0d]In line 10, the teacher asks Kenny to repeat what Keith has just said. This is done again to indicate that what Keith said is important to think about. Repeating can also be a form of encouragement or boost of confidence for a student. 
[bookmark: _heading=h.f6ua4llabgke]In line 13, the teacher notices that a conjecture or claim has been made. She repeats the conjecture and suggests that they check it. She does not tell them how to check it, but instead asks the class for suggestions. 
[bookmark: _heading=h.90u1ega26pug]The conversation so far has built up to the point where the students may be curious about the outcome and motivated to do the drawings because they are testing out a conjecture by one of the students. After drawing the angles, the conversation resumes.
[bookmark: _heading=h.djxhbo3vm415]In line 20, the teacher turns the statement by Faiza into a question. This is followed by a discussion around drawing diagrams with blunt pencils and the importance of having sharp pencils for accuracy. 
[bookmark: _heading=h.fduh0mmkta7y]In line 24, she does not use revoicing here because the conversation is not mathematically important. She just provides information about allowable margins of error in their diagrams.
[bookmark: _heading=h.3yyxqv4t4x7x]In line 25, the teacher pushes the class mathematically (presses) by asking for another reason why the angle is always 90°, and she supports them in getting to the answer.
[bookmark: _heading=h.l2ouutdx5qbb]In line 30, she revoices what they have come up with, which is the theorem. It is important mathematically to revoice this.
[bookmark: _heading=h.odcau1mw6tei]There is still a student who didn’t get 90° and the teacher encourages the class to work out why he got a different answer. This reinforces the idea that the angle must be at the circumference, not just anywhere within the circle. 
[bookmark: _heading=h.y9lhwk6b0dyz]The teacher overall used revoicing in most of her turns, sometimes repeating what a student has said, other times asking students to repeat what another student has said. She also repeats by turning a student’s statement into a question and, at other times, she might rephrase what a student has said to provide a more mathematical way of saying what they are trying to express.
[bookmark: _heading=h.mauc1yjfhuhg]Let us delve more deeply into the idea of Math Talk, talking about mathematics in the classroom. We have seen an example where the students are expected to talk about the mathematics, not just to receive information from the teacher. The students were making suggestions and asking questions in this class, which may have been surprising. Quite a lively bunch! 
By posing suitable problems and activities, students can be taught how to use Math Talk , asking their own questions. Open-ended questions, such as “Tell us something about the diagram on the board” or “Is there another way of thinking about this problem?” or “What do the rest of you think?” are useful in this context. These kinds of Math Talk type questions are intended to be less threatening than the closed questions which demand one single “yes” or “no” answer. An open-ended question requires the student to think more deeply before answering. It encourages conversation, exploration, and the sharing of information. These questions often begin with words like "how", "what", "why" or "tell me about". When a student offers a tentative suggestion or an answer which is not quite mathematically correct, the teacher can rephrase the idea using the correct mathematical language. This way of responding to the student uses revoicing to be supportive and encourage the student to try again rather than to give up. In Unit 4, we used the question “What do you notice?” when looking for variance, similarities and differences between mathematical statements or diagrams. “What do you notice?” is also an open ended and non-threatening way to ask a question.
[bookmark: _heading=h.xmx4zpy4mode][bookmark: _heading=h.eeb6jbnwzewc]In Activity 39, you will identify whether the teacher’s responses to student ideas are using revoicing in the form of repeating or rephrasing. 

[bookmark: _heading=h.atv4xx7u663h]Activity 39: More mathematics conversations
Suggested time: 120 minutes
Answer Activity 39 in your learning journals. 
[bookmark: _heading=h.z9ddwn3hc99n][bookmark: _heading=h.dqxa516f40vx][bookmark: _heading=h.5epuabhk6j6x]The class has been divided into groups of three. Each group has a copy of the following diagram and has been given time to talk about it. A whole class discussion takes place after the group work.
[image: ]
[bookmark: _heading=h.lexw0uuwwjfu][bookmark: _heading=h.42tg8vu8snuz]






1. Identify which revoicing moves the teacher is using in the lesson excerpt below - repeating or rephrasing.
2. Identify anything else that you notice about the way in which the teacher responds. 

1. [bookmark: _heading=h.t4s7fraylyy5]Nikki: We saw that all the letters except T are on the outside.
2. [bookmark: _heading=h.wizquuipw5fe]Teacher: So, you noticed that KPSR is a cyclic quad because the points K, P, S and R are all on the circumference?
3. [bookmark: _heading=h.twx0n4ebkc20]Kamohelo: Our group decided that S is 90°. 
4. [bookmark: _heading=h.aylogxi11udz][bookmark: _heading=h.nw5fqmcxcpxq]Teacher: Who else thinks that ㄥS is 90°,  a right angle?
5. Dani: It looks like one but I can’t really tell. Which S are we talking about?
6. [bookmark: _heading=h.8xnar62nfxbp]Thabo: Well, if the outside S is 90° then the inside one has to be 90° as well.
7. [bookmark: _heading=h.yoyalg9hhy3v][bookmark: _heading=h.o5qk02xw1ul]Teacher: Thabo is saying that if ㄥPST is a right angle then ㄥPSR is also a right angle.
8. Su: And you can see that K is also a right angle. This is getting interesting.
9. [bookmark: _heading=h.ekwoea26jgv1][bookmark: _heading=h.2efgdj4djowu]Teacher: So, Su has noticed that ㄥ K looks similar to one of the angles at S. Let’s first establish whether the angles are right angles or not. How can we tell?
10. Dani: Evidence!
11. [bookmark: _heading=h.717881jruvp2]Teacher: Evidence? What do you mean, Dani?
12. [bookmark: _heading=h.fvshgp1whakr]Dani: We don’t have any evidence to say if it’s a right angle, so we can’t.
13. [bookmark: _heading=h.t9x4xhofq7dh]Teacher: What do the rest of you think?
14. [bookmark: _heading=h.u6h2meez9iph][bookmark: _heading=h.zh4puyi4kwtb]Su: Dani is right, we can’t assume without evidence. That sucks! Now we know nothing.
15. [bookmark: _heading=h.ykvy6soo1zfn]Teacher: Well, you had an idea earlier that we can explore. Does anyone remember what Su was thinking?
16. [bookmark: _heading=h.3wce9wnzrjjf]Kamohelo: Su thinks that the angle at K is the same as the angle at S. 
17. [bookmark: _heading=h.9jrct156x0rp]Teacher: Ah! So we can check if it’s true. How can we do that? 
[bookmark: _heading=h.5z9oszveb6nt]
[bookmark: _heading=h.xly78irk8tvx]Discussion of Activity 39
[bookmark: _heading=h.2dgehqdtlhf]This teacher is trying to get the students to think about the diagram and the relationships between angles. She uses what the students are saying to move the conversation towards these relationships. 
[bookmark: _heading=h.7zsdqe8ce3m1]In line 2, the teacher rephrased what Nikki had said using correct mathematical language without criticising Nikki (rephrase). She also took the opportunity to introduce the concept of the cyclic quad together with its definition. 
[bookmark: _heading=h.j97o8gxlufl7]In line 4, she opens up Kamohelo’s idea to the whole group without judging whether it is correct or not (rephrase). 
[bookmark: _heading=h.x8kgzcp4wbni]In line 7, she rephrases Thabo’s assertion using mathematical language.
[bookmark: _heading=h.wkvw51rdw6pp][bookmark: _heading=h.nbz7vbht31sz]In line 9, she rephrases Su’s idea about ㄥK, but instead of saying that it is also a right angle, she points to the fact that Su thinks ㄥK is the same as ㄥS. Before moving to that idea, she suggests that they establish whether ㄥ S is in fact 90°or not. She is subtly moving the thinking forward at this stage.
Line 11, is a repetition of what Dani said and then just asking Dani for clarification.
[bookmark: _heading=h.wwia3fw2w1t5]In line 13, she opens the question to the class again.
[bookmark: _heading=h.lu87kr2zhiei]In line 15, the teacher picks up on something Su said earlier which is significant, leading to a student repeating what Su had said.
[bookmark: _heading=h.2howbafju1vl]In line 17, she suggests they check what Su was thinking and instead of telling the class how to check, she asks them how they can do that. 
[bookmark: _heading=h.lphnde7begwq]At this point, the class will be measuring ㄥ K and both the angles at S. The teacher could write a table on the board and get the students to write up their measurements for the angles
[bookmark: _heading=h.r8k353nzfybv][bookmark: _heading=h.2itolgvsxytv]Here is a possible table they could have drawn. Please note that these measurements are not accurate measurements of the diagram, but just an example.
By doing this, the students will be able to compare the angles and see which are more likely to be the same. It is likely that the student’s measuring skills aren’t completely accurate so the teacher will need to verify for them by measuring the angles herself and adding them to the table.

	
	ㄥK
	ㄥPSR
	ㄥPST

	Nikki
	94°
	85°
	95°

	Kamohelo
	92°
	87°
	93°

	Dani
	94°
	86°
	94°

	Thabo
	95°
	84°
	96°

	Su
	95°
	85°
	95°

	[bookmark: _heading=h.iap2s0koroyh][bookmark: _heading=h.evbrmp96sg63][bookmark: _heading=h.akxu1r8vwpn6][bookmark: _heading=h.tirwzxx3a3r2]Teacher
	95°
	85°
	95°


However, the table does indicate to us that the first and the third columns are closer to each other and that the middle column is not likely the same as the other two.  The teacher could also verify that ㄥK = ㄥPST by using software, such as Geogebra, which will give accurate measurements of the angles.
[bookmark: _heading=h.4ehom5aura9s][bookmark: _heading=h.td8mggxpscj7]This teaching style builds up the knowledge by involving the students in every step, allowing them to conjecture, debate ideas and check their thinking. 
[bookmark: _heading=h.tp6ipqqbmuw]
[bookmark: _heading=h.cexksprfaqm2][bookmark: _Toc143509851]Discussion or dialogue
[bookmark: _heading=h.2dy4pyfzuqd]In this section, we look at the differences between discussion and dialogue and suggest advantages or disadvantages in a mathematics setting. 
[bookmark: _heading=h.ogbept5jiozp]Askew (2012) gives an example of two boys talking about their solutions to a mathematics problem. After the one boy explained his method, the researcher asked the other boy what he thought. This is how the conversation went:
[bookmark: _heading=h.ejyn8bcv9oax]B: I agree
[bookmark: _heading=h.fmtfafq3paha]MA: Agree with what?
[bookmark: _heading=h.v01luuw7hdsh]B: With what he said
[bookmark: _heading=h.5gtn29hbwiuj]MA: What did he say?
[bookmark: _heading=h.fosa1l19iqtf]B: How he worked it out
[bookmark: _heading=h.f1oq4n3b9mw]MA: How did he work it out?
[bookmark: _heading=h.hq5o144ph7ql]B: The way he said he did. 
[bookmark: _heading=h.zcqjgtbkz82p]This conversation was clearly going in circles and the boy revealed that he hadn’t actually been listening to what the other boy was saying. Askew (2012) points out that, according to research by Young-Loveridge et al. (2006), students think it is important to share their ideas with others, but don’t seem to think it’s important to listen to each other. When students discuss in groups, often they are trying to get their view across and unwilling to engage with other ideas. 
[bookmark: _heading=h.iv2poif5kuza]Askew (2012) suggests, “Dialogue has a different play to it. It’s not about trying to win - it’s an exchange of views, an attempt to understand the other better, rather than to try and impose one’s view upon the other”.
[bookmark: _heading=h.yypqhpkbtquq]Askew (2012) goes further to say, “Answers depend on questions and it’s generally taken that preparation of ‘good’ questions is an essential part of effective mathematics teaching”.  He asserts, “Questions have an air of testing what has been remembered rather than inviting meaning making”. So, how can we move beyond the testing style of questioning to something which will move away from a competitive discussion, and to a richer dialogue? 
[bookmark: _heading=h.mxeaj6v48f2t]A statement such as: 
[bookmark: _heading=h.rju7r0y4g0yv]‘All rhombi are parallelograms’ is always, sometimes or never true is more likely to produce meaningful dialogue.” 
[bookmark: _heading=h.eylrczt60r4d]If we go back to the dialogue in Activity 39, we see that there was no question attached to the diagram. The teacher allowed the students to make conjectures and wrestle with them till they were satisfied. 
[bookmark: _heading=h.puahb524nfi]The importance of listening to each other in the mathematics classroom cannot be emphasised enough, but how can we ensure this in a situation where the teacher is talking to the whole class? 
[bookmark: _heading=h.r6l3ds5yzrip][image: C:\Users\sheilad\South African Institute for Distance Education\AdvDipTVT_Phase 2 (082) - Documents\Module_Mathematics Method\Multimedia\Unit 5_Activity 39c.jpg]
[bookmark: _heading=h.46funbpg7r2s][bookmark: _heading=h.cosv6mylq7cp]








There are opportunities for different kinds of talk formats in a mathematics classroom. 
· [bookmark: _heading=h.h4v0x5r3afmm]Talking to a peer
· [bookmark: _heading=h.h9pqcx4r1ths]Talking in a group
· [bookmark: _heading=h.x828imyjq8fp]Talking in a whole class setting.
[bookmark: _heading=h.9ous61rbeu4e]Talking to a peer is useful for clarifying a concept in a short time and can be used several times in one lesson without needing to move furniture or people around. 
In the following comic story, you can see a group of TVET students discussing the properties of a three-dimensional shape, and trying to work out together how to calculate its volume.

[bookmark: _heading=h.oyvkn6q4ap33][bookmark: _heading=h.efkpo9e09q5m][image: ]
Talking in groups has been a preferred option in South Africa since 1994. Groups no larger than four seem to be ideal in that everyone gets a chance to speak, including those who might choose to be quiet in a larger group. You may find that a group of three is optimal for participation. If your classes are large and rowdy, you may have to find other solutions for the best possible participation, for example, half the class work on a problem while the other half work in groups. After a time, they can swap around. Another solution may be to use an outside space for some or all of the students. These solutions will depend on the circumstances where you are teaching.
[bookmark: _heading=h.vtu1zlhjhfw]A number of studies have been done on how teachers can run whole class discussions without losing the benefits of one-on-one teaching and learning. The notion of orchestrating whole class discussions (Stein et al 2008) resonates with the idea of the music of a symphony orchestra where there are many instruments and all need to be heard. In the classroom, it is the role of the teacher to allow all the students to be heard. The teacher enables a trajectory of learning by encouraging students to listen, speak, revoice others, come up with new ideas, and so on.
[bookmark: _heading=h.vdb8ol76t88u]Activity 39 shows an example of a whole class discussion. Below is another example adapted from Chapin, O’Connor and Anderson (2005) whose research was done with very young children. It shows how these techniques can be used with all ages. 
[bookmark: _heading=h.iey0r0xbzflo][bookmark: _heading=h.wl4mabuj63kt]Ms Davies has given her Grade 3 students a series of numbers and, in a whole group discussion, has asked them to say whether the numbers are even or odd. They have established that if you can divide a number by two evenly, then it is an even number. Philippe has tackled the number 24. His contribution is less than completely clear.
[bookmark: _heading=h.pevvxkmvd31a]Philippe: Well, if we could use three, then it could go into that, but three is odd. So then if it was…. but…. three is even. I mean odd. So, if it’s odd, then it’s not even.
[bookmark: _heading=h.yh941hhvzehm]Ms. D: OK, let me see if I understand. So, you’re saying that 24 is an odd number?
[bookmark: _heading=h.bawpszkwkhs8]Philippe: Yeah. Because three goes into it, because 24 divided by three is eight.
[bookmark: _heading=h.1h8p8pt6nufb]Instead of rejecting Philippe’s confused contribution, Ms Davies responds by revoicing what she thinks Philippe is trying to say and getting him to verify if her statement is in fact what he was thinking. She realises that Philippe has a misconception about odd and even numbers. 
While revoicing is especially useful in situations such as that described here with Philippe, it’s also an effective move when you understand what a student has said but aren’t sure that the other students in the class understand. Revoicing can make one student’s idea available to others, give them time to hear it again, position a student’s claim with respect to a previous student’s claim in order to create the basis for an ongoing discussion, or focus on a change that has occurred in the discussion. Revoicing provides more thinking space and can help all students track what is going on mathematically (Chapin, et al., 2005).
[bookmark: _heading=h.a53tj97aahzd]The next example shows Ms Davies using rephrasing to see if the other student’s understand what Philippe is saying. 
[bookmark: _heading=h.yrdybuh3buca]Ms D: Can anyone repeat what Philippe just said in their own words? Miranda?
[bookmark: _heading=h.jv7saz2ezaui]Miranda: Um, I think I can. I think he said that 24 is odd, because it can be divided by three.
[bookmark: _heading=h.e64ris5sagdn]Ms D: Is that right, Philippe? Is that what you said?
[bookmark: _heading=h.7euuyfh3bh3y]Philippe: Yes.
[bookmark: _heading=h.pw22il5xumgj]Getting another student to rephrase what Philippe is saying is an important talk move, particularly for second language English speakers here English is the language of instruction. It enables the teacher to tell if the student is on board with Philippe’s idea, and it gives the students more time to process his idea. It also tells Philippe that his idea is being taken seriously even though we know that his assertion is not correct and will need to be dealt with as the lesson continues.  
[bookmark: _heading=h.rde0dpupt3ym]
[bookmark: _heading=h.iwig65woo4ir][bookmark: _heading=h.dvaobarrr3ay]Activity 40: Using what we learn
[bookmark: _heading=h.e9zv8js3tqi1]Suggested time: 60 minutes
Answer Activity 40 in your learning journal. 
1. [bookmark: _heading=h.v95ifui85j28]Choose at least one of the following possible scenarios and write down a possible classroom interaction between a teacher and a group of students who are grappling with the concept.
a. [bookmark: _heading=h.x4ixv8qld8w7]Completion of the square when the x2 term has a coefficient
b. [bookmark: _heading=h.rv4aj1mbg5kp]The tangent chord theorem
c. [bookmark: _heading=h.9riww3chz0jv]Volume of an ice cream cone
d. [bookmark: _heading=h.22rtmtt11p59]Finding the equation of a particular graph.
[bookmark: _heading=h.v2v5dds3xi9m][bookmark: _heading=h.dd2rqdbhrz4k]

Stop and think
[bookmark: _heading=h.sj8e98rl9zaw]Earlier in the unit, we raised the importance of listening. Dialogue involves building your ideas on what others have said. How does the technique of revoicing help students to dialogue? Revoicing requires students to listen to each other because they may be called upon to repeat or rephrase what another student has said. Students also need to listen in case they want to politely disagree with what someone else has said. This can lead to more focused learning and students remaining on task for good portions of a lesson. 
[bookmark: _heading=h.odsizkv083ns][bookmark: _heading=h.whvqz1u1d03s][bookmark: _Toc143509852]More talk moves
[bookmark: _heading=h.69g7l2ogc8da]So far, we have identified two talk moves, both of which are forms of revoicing. They are repeating and rephrasing. Research has shown that there are other talk moves which are worth exploring. 
[bookmark: _heading=h.bg5kixtiztbm]Brodie (2008) has identified five talk moves: insert, elicit, press, maintain and confirm.
[bookmark: _heading=h.z6lr0hs3b7zu]Insert: Adding something to a student contribution
[bookmark: _heading=h.8w1xg8yv4zv]Elicit: Asking for a contribution
[bookmark: _heading=h.lwkstykk5qm4]Press: Probing for an explanation 
[bookmark: _heading=h.cu3brw4rcxil]Maintain: Repeating to keep the idea in the public realm (this is closest to revoicing)
[bookmark: _heading=h.hvtwxlruqkro]Confirm: Confirming with the student that you, as teacher, have heard what they said.
[bookmark: _heading=h.kg59xhihi40g][bookmark: _heading=h.m3uvo59z9uak][bookmark: _heading=h.dxfp2br0udob]To understand these talk moves better, we can see them in operation in the two dialogues adapted from Brodie (2008).
[bookmark: _heading=h.bhi5qqut16j5]In a class where learners were trying to factorise  + , a student made the suggestion of (-a-b)(a-b). The teacher wrote it on the board, knowing that it was not correct, and asked the student if he had tested it. Dialogue 1 followed: 

	Dialogue 1
	Talk move

	[bookmark: _heading=h.69elial5h1ud][bookmark: _heading=h.9qfh7qh4513p]Tebogo: Sir, eh, I got negative a and negative b.
	

	[bookmark: _heading=h.fp58orcijzxa]Teacher: Did you test it? (pause) Negative a?
	elicit

	[bookmark: _heading=h.y4hoerpp1pd]Tebogo: Negative b.
	

	[bookmark: _heading=h.wam7ulxzc0gp]Teacher: In the bracket …			
	insert

	[bookmark: _heading=h.qfau9fl2jjdd]Tebogo: Yes Sir, and I said a negative b.
	

	[bookmark: _heading=h.sqyjcrfqj7i0]Teacher: And you said a negative …		
	maintain-repeat

	[bookmark: _heading=h.3qwcv0675zgh]Tebogo: b
	

	[bookmark: _heading=h.wdhdf4vn0t2y]Teacher: And you tested it?			
	elicit

	[bookmark: _heading=h.dh6uz4rmbbi3]Tebogo: Yes, Sir.
	

	[bookmark: _heading=h.d4oe9mt73kes][bookmark: _heading=h.3uoqw85zu8m4][bookmark: _heading=h.5kl07hg9gc4v]Teacher: Let’s see what you’re saying. You said minus a; it’s minus a times a, what is minus a times a? Yes, Phumzile?
	insert

	[bookmark: _heading=h.kwcxwza0mnnr]Phumzile (inaudible): Minus a. 
	

	[bookmark: _heading=h.mir5cnpltcm7]Teacher: What’s negative a times positive a, Phumzile?	
	elicit

	[bookmark: _heading=h.dgq4evn8kk4a]Phumzile: Negative a, Sir.
	

	[bookmark: _heading=h.fd5vhdew8k7o]Teacher: Negative a …				
	maintain-repeat

	Phumzile: Negative a squared.
	


[bookmark: _heading=h.sfao8nq8jpx4][bookmark: _heading=h.dvhx11f17wjj][bookmark: _heading=h.q6m5f1lfwskl]In Dialogue 2, the teacher includes the talk move ‘press’. The class were discussing why  + 1 could not be equal to zero ( + 1. The reason they suggested is that  and 1 are not like terms and therefore cannot be added. 
[bookmark: _heading=h.bpeiapuef6mt]
	Dialogue 2
	Talk move

	[bookmark: _heading=h.n4dftlyrjy00]Teacher: So, you can’t get a value, you can’t get a value	
	maintain

	[bookmark: _heading=h.sytmkb18uygc]Rethabile: That’s how far we got , Sir.
	

	[bookmark: _heading=h.k242a2aswnp7]Teacher: Come, Lerato, let's listen so you can contribute.
	

	[bookmark: _heading=h.ntlizuctlu20]Teacher: So, it will only give you + 1. It won’t give you another value, zero.
Will it give us the value of one?
Will it give us the value of two?   + 1
	press

	[bookmark: _heading=h.yty6f94r6jhu][bookmark: _heading=h.72bu8l3tmddd]Rethabile: It will give us only one, Sir, because x is equal to one, Sir.
	

	[bookmark: _heading=h.flwydejgtsst]Teacher: Is x equal to one?
	elicit

	[bookmark: _heading=h.e58idfdpgg7e]Grace: Yes, Sir.
	

	[bookmark: _heading=h.52f4wyhdf5cg]Teacher: How do you know x is equal to one?		
	press


[bookmark: _heading=h.1wnr0hfwjgdl]
[bookmark: _heading=h.snk28nyplap]Discussion of Dialogue 2
[bookmark: _heading=h.ak8l99rl5dem][bookmark: _heading=h.nxb43ab8v3h8]In Dialogue 2, we see how the teacher responds to Rethabile who says they have gone as far as they can. She “presses” Rethabile to think more by asking if  + 1 could be equal to 1 or to 2, showing that the fact that they are not like terms is not relevant. Perhaps the teacher could have gone further by asking the students to actually solve  + 1 = 1 and  + 1 = 2. When the students didn’t catch on to what the teacher was trying to show, she used “press” again to ask Grace how she knew that x was equal to one. By using the “press” move, she was getting the students to think beyond the surface way of answering. 
[bookmark: _heading=h.9y9pz0j4g0jg]
[bookmark: _heading=h.lfeuxnoipxfk]Activity 41: Is two-for-one enough?
Suggested time: 90 minutes
Answer Activity 41 in your learning journals. 
The idea for Activity 41 is taken from Colin Foster’s pizza activity found at https://www.teachwire.net/news/mathematics-area-volume-scale-factors/

Task 1
[bookmark: _heading=h.ssk3s0ozd9u0][image: ]
[bookmark: _heading=h.gyv65pdc4pyd]
[bookmark: _heading=h.hvr5hy7wi4bi]
[bookmark: _heading=h.kkkir9l0q0q6]


Imagine that you want to buy a 40 cm pizza. They don’t have any 40 cm pizzas, but they can give you two 20 cm pizzas instead. Is that enough? Write about how you can work this out. Hint: think about the area of each pizza.

Task 2
Design an imaginary dialogue between you and your students about the pizza problem. Use the different talk moves identified by Brodie (2008) to support the understanding of the students.
Choose a suitable stage in the dialogue to introduce the following two diagrams, but not at the start of the dialogue. These diagrams will help the students figure out how the area changes when the size of the pizza changes. 

 
 
[bookmark: _heading=h.vylxaxc58zkz]
[bookmark: _heading=h.h9fzqhobxgzg]










Discussion of Activity 41
In reality, two 20 cm pizzas contain only half as much pizza as one 40 cm pizza! The diagrams show that doubling one dimension of the smaller circles, either horizontally or vertically, does not cover the larger pizza. We need to double both dimensions.
By introducing the diagrams, we are encouraging something similar to “horizontal mathematisation” which we dealt with in Unit 3.
Students may think this just applies to circles, but it is applicable in general. Whenever any 2D shape is enlarged, for the enlarged version to remain similar to the original shape, it must be stretched by the same factor 𝑘 both horizontally and vertically.
Each of these stretches increases the area by a factor of 𝑘, so overall, the area will increase by a factor of 𝑘².
[bookmark: _heading=h.mug1tjpe55ji][bookmark: _Toc143509853]Checking for understanding
To assess students’ understanding, ask them to imagine scaling up a sphere in 3D. What would happen to the volume?
Multiplying the radius (or diameter) of a sphere by a factor of 𝑘 will require three stretches this time, in order for the new shape to be spherical (i.e., similar to the original sphere). The three stretches, each with scale factor 𝑘, in all three perpendicular directions, will scale up the volume by a factor of 𝑘³.
[bookmark: _Toc143509854]Can revoicing work in multilingual classrooms? 
What we mean by a multilingual classroom is one in which there are students who have different home languages. It is common for South African classrooms to be filled with students who speak different languages. Sometimes, this is seen as a drawback and other times these different languages are seen as a resource.

[bookmark: _heading=h.u64rpik5crfx]Activity 42: Multilingual mathematics conversations
[bookmark: _heading=h.afegi0g5amv9]Suggested time: 60 minutes
Answer Activity 42 in your learning journal. 
[bookmark: _heading=h.7es7g6kb8sbz]Task 1
[bookmark: _heading=h.pnbp5ly1hpyw]Describe what you know of the language profile of your own students. 
[bookmark: _heading=h.j7ijvsrq0rc1]Task 2
[bookmark: _heading=h.vahltqthlesl][bookmark: _heading=h.wdjfaael198m]Now design a form for your students to fill in so that you have their full language profile. You can make a table using these questions and others you may think of. 
1. [bookmark: _heading=h.j4a1rkowbwwz]What is your home language?  
2. [bookmark: _heading=h.gj4x8vpjo28]What other languages do you speak?
3. [bookmark: _heading=h.58yelj8hlrrd]What languages do/did your parents/caregivers/grandparents speak as home languages?
4. [bookmark: _heading=h.uwk3molw520o]What languages did you come into contact with as a child? Explain how and the extent.
5. [bookmark: _heading=h.snu2qomspcyd]How do you rate your own ability to speak English - on a scale of 1-10?
6. [bookmark: _heading=h.hakzwspdyhxo]How do you rate your own ability to learn other subjects in English - on a scale of 1-10? 
Collate the students’ answers to these questions to think about your class’s language profile.
The following questions could also be helpful in developing the profile.
1. [bookmark: _heading=h.uflr2c89e1en]Do your students all speak the language of instruction? 
2. [bookmark: _heading=h.iqx6e2awklth]Is the language of instruction their home language?
3. [bookmark: _heading=h.aiii12cnofi4]Is the language of instruction your (lecturer’s) home language? 
4. [bookmark: _heading=h.t73nb6f4y72q]Which of your students’ home languages do you (the lecturer) speak?
[bookmark: _heading=h.myengl9z6wkg]Write down what you have noticed which surprises you. This exercise is for you to get to know your students better. They may not want you to share this information with other students in the class. 


[bookmark: _heading=h.affobna7yzcx]Task 3
[bookmark: _heading=h.2kqoybacp206]How do you think revoicing might be helpful or unhelpful in a multilingual classroom?

[bookmark: _heading=h.pdvagx2h3fgy][bookmark: _heading=h.ifj9wmfzxvu8]Discussion of Activity 42
[bookmark: _heading=h.p1ter37345s4]Given the number of official languages in South Africa and the number of people from other parts of Africa living in the country, it is likely that there are more than three languages spoken by your students as home languages. It is also likely that your students have become familiar with the language of instruction, although it is possible that not all your students are completely competent in this language. 
[bookmark: _heading=h.12x15foof3dk]Although students may be able to speak in the language of instruction, research has shown that concept formation happens best in one’s mother tongue. When learning a new concept, it is quite likely that students may need time to translate the idea into their home language, process it and then translate back into the language of instruction. Keeping an idea on the table, and not rushing on, enables the student to go through this process in order to understand a concept properly. The more challenging concepts will need more time to process. Rushing from one concept to the next to complete a syllabus prevents real concept formation in the minds of many of our students. 
Revoicing can therefore be helpful in multilingual classrooms. It gives students a chance to hear something being repeated or rephrased more clearly in one or more languages. The revoicing need not be in the language of instruction, but it could be in any language which will help the students to understand better.  It can assist in getting the processing process started.  It gives all students a chance to think. In research done by Setati, Adler, Reed and Bapoo (2002), they suggest that code-switching (CS) is “a language practice that could support classroom communication in general and the exploratory talk that is such a necessary part of learning”. They go on to quote a secondary school teacher who says that switching was needed for understanding concepts or ideas, and for communicating these understandings: In the teacher’s own words:
Ever since [teaching] Standard 10 [Grade 12] I have done that [code-switched] because sometimes when I talk to them [learners], I look at their face and I could see they don’t hear any word. So I try to switch to Northern Sotho. This is something that I have even told my Standard Sixes [Grade 8], that there is maybe something you want to say, if you find you can’t find the words in English, just say it in Northern Sotho. 
Adler refers to the ‘dilemma of code-switching’ in her own 1998 study. She states that, “teachers who are themselves multilingual, whose learners know that they can reformulate and converse with them in their main language, are continually judging when to switch from English so as to enable learners to make sense of the concept or topic under discussion”.
[bookmark: _heading=h.a4x1j849mfyj][bookmark: _Toc143509855]Is code switching just for primary school learners?
[bookmark: _heading=h.rdlzab61hy0d]The research of Setati et al. (2002) revealed an unexpected result when comparing the use of CS in primary and secondary classrooms. 
Teachers and learners in the secondary mathematics classrooms observed made greater use of CS than those in primary mathematics classrooms. This observation surprised us during the first year of the study, and its persistence required further examination. We had in fact anticipated the reverse. The mathematics and science teachers in the study, particularly those working in secondary schools, switched to the learners’ main language to reformulate concepts, ideas and instructions.
[bookmark: _heading=h.wkm6xg1esmwi][bookmark: _heading=h.tmeon2cw7tvd]Another teacher explained the CS practice as follows: “Sometimes I ask them a question, and they keep quiet, all of them. I have to rephrase the question and still . . . and I try to lead them to an answer.”
Another teacher explained how important it was that learners draw on their main language in their mathematical learning: “It is easier for them to ask questions if they use their mother tongue. They become more free. It is easier for them to explain exactly what they want. ”
[bookmark: _heading=h.gqprl3rdv1fa][bookmark: _heading=h.xdi2g7l7yozk]Given the value of CS in the classroom, this research suggests that there could be value in using translated activities in the classroom, giving students the opportunity to use whichever language they prefer. This is a laborious task for a teacher, but could be tried from time to time, and over the years build up a bank of meaningful multilingual activities. 
Activity 43 is an example which could well do with translation into the home languages of students, in order for everyone in the class to have an equal opportunity for success. We will design this activity as an informal experiment and see if we are able to draw any conclusions from it. The experiment may need to be repeated a few times, with different activities, to get proper conclusions.
[bookmark: _heading=h.4o28vorolxmq]Activity 43:  Earthquakes in English and other languages
[bookmark: _heading=h.bnep3iwi4iqq]Suggested time: 90 minutes
Answer Activity 43 in your learning journal.
[bookmark: _heading=h.m1a9s9naieyj]Task 1
[bookmark: _heading=h.q0fwhyywrdv2]Translate this earthquake example into one or more of the home languages of your students. If you are unable to translate, find someone who is able to do it for you. Remember to translate the caption for the picture too.  See Task 1 below.

[bookmark: _heading=h.ss37i7342j5c][image: ]
Task 2
[bookmark: _heading=h.dzl2fevm9rf3]Divide your class into three groups. Two of the groups need to have common home languages other than English, where possible. Call them language A and language B.
1. [bookmark: _heading=h.hi4lw8u1qowy]Group 1 receives the activity in English.
2. [bookmark: _heading=h.r9ai05hb7nx4]Group 2 receives both the English and a translated version (language A) which matches their home language.
3. [bookmark: _heading=h.plsrmfa38m9f]Group 3 receives both the English and the other translated version (language B) which matches their home language. 
4. [bookmark: _heading=h.cy93h0gtwwxk]Allow the groups 20-30 minutes to make sense of the question. Record how long each group takes to finalise their answer. If any group needs extra time, allow it.
[bookmark: _heading=h.ii61b4815fc5]As the students are working, circulate the class and notice which groups are making use of the translations and which are not.
[bookmark: _heading=h.13bvygxztwyd][bookmark: _heading=h.i7iye1b54oq8][bookmark: _heading=h.pgy2f3czpfa][bookmark: _heading=h.j9hme6wwa46v][bookmark: _heading=h.q277gdpspznb][bookmark: _heading=h.fh3uu8d4xehm][bookmark: _heading=h.wa8u48ppknep][bookmark: _heading=h.fws7muntcnpc]Task 3 
[bookmark: _heading=h.2p3bca4ciclc]Ask Groups 2 and 3 if they used the home language versions of the questions and write down their answers, especially if they did not use the language versions, and why not. 
[bookmark: _heading=h.f8xc4vodg7rk]Ask each group how they arrived at a common understanding of the questions and how long it took to answer them. Write down their answers.
[bookmark: _heading=h.r1prgkqtovk]
[bookmark: _heading=h.bm1qb0xykra]Discussion of Activity 43
[bookmark: _heading=h.5auz3pe9n3d1]It is possible that the students avoided the home language translations in the beginning, if not altogether. Students who are used to learning exclusively in English might feel embarrassed to use the home language versions. Having grown up believing that English is better and must be learnt, students may feel like they are failures if they use the home language versions. There is also strong pressure from parents for South African students to be taught in English only, so that they can manage the outside world more skilfully. 
[bookmark: _heading=h.h6k4buedyx2o]“Parents’ memories of Bantu Education, combined with their perception of English as a gateway to better education, are making the majority of black parent’s favour English as a [language of learning and teaching] from the beginning of school, even if their children do not know the language before they go to school (NEPI, 1992)”.
[bookmark: _heading=h.agp6r67ue8gg]If the students do not use the translated versions, encourage them to do so in another translated activity. Repeat the questions in Task 3 and see if there is any difference in their answers. 
[bookmark: _heading=h.t3hlq4ovw1s1]
Stop and think
[bookmark: _heading=h.ywru14t1wub6]The dilemma here is between the development of competence in English versus the development of a full understanding of a subject like mathematics. Write down your thoughts about this dilemma. 

Activity 44: Reflection on Unit 5
Suggested time: 15 minutes
Write in your learning journal about what you have learnt in this unit. 
1. What new knowledge did you gain, and what happened when you applied it.
2. What new insights or knowledge did you get from the unit?
3. What will you do to apply what you have learnt in your daily teaching?

[bookmark: _heading=h.s2msqafmu0z2][bookmark: _Toc143509856]Discussion of Unit 5
In Unit 5, we explored interactions between teachers and students from the 1990s when talk formats of IRE and IRE/F were being researched. Different ways of supporting students with different types of talk formats were suggested. These new formats are aimed at less formal type lessons where students can work together, ask questions in their groups or during whole class discussions, suggest ideas and have them listened to. This is in contrast to the traditional style lesson where only the teacher asks the questions and judges the answers. The purpose of these traditional style lessons is to get to the correct answer as soon as possible and then to move on to the next question, possibly leaving the bulk of the class behind in their understanding. We propose new formats as a way to open up understanding for all students. We also notice that our classrooms have become multilingual and we therefore need strategies which give all students access to the mathematics. Revoicing in the language of instruction or in a student’s home language is one powerful strategy to help the student grapple with the mathematics at hand. Allowing and encouraging students to discuss mathematics problems in their home languages, enables them to reach a deeper understanding of the mathematics concepts we are trying to teach. 



[bookmark: _Toc143509857]Exemplar summative open book assessment
[bookmark: _Toc143509858]Introduction
This section contains an exemplar summative assessment task with the assessment criteria set out in an accompanying rubric. This summative assessment task is a model only, intended to illustrate the kind of assessment tasks that may be set by the university providing this programme.
The following exemplar assessment is partly summative, as in Section A, whereas Section B requires exploration, which is not usually associated with summative assessment. Given the nature of this module which focuses more on “doing mathematics” than on “doing mathematics procedures”, we present a mixed exemplar assessment paper.

[bookmark: _Toc143509859]Section A
Suggested time: 50 minutes
[41 marks]

1. How do the four cognitive levels introduced in Unit 2 relate to what you learned in Unit 1?	[4]
2. What is meant by “doing mathematics” and how does Realistic Mathematics Education (RME) connect to the idea of “doing mathematics”?						[5]
3. Explain the idea of “guided reinvention”.							[4]
4. How does Math Talk help students to “do mathematics”? 					[4]
5. a. What are the basic elements of revoicing and how can it help you in the classroom?	[5]
a. Can you think of a time when you may have used revoicing. If so, give details. If not, reflect on your understanding of your own style of teaching and how it has not, up until now, used revoicing.										[4]
6. How does variation theory lead to conceptual understanding rather than instrumental understanding?										[4]
7. What is the difference between IRE and IRE/F						[4]
8. Why did some researchers continue to promote IRE in its extended IRE/F form in the 1990s and beyond. 											[3]
9. In the section on “giving prompts’ in Unit 2, there is a warning about prompting in ways that are not helpful. Explain.										[4]
               			

[bookmark: _Toc143509860]Section B1
[30 marks]
Work through Question 1 and Question 2 in Section B1. Decide how they relate to what you’ve learned in Units 1-4.  Identify the cognitive level of each question and indicate whether variation theory and/or aspects of RME are suggested or required to answer the questions properly. 
Make a table of all the things you want to look out for so that you can see how much of the exam is given to each aspect. A rubric such as the one below can be useful to keep track of your ideas. 



	
	Question 1
Task 1
	
Task 2
	
Task 3
	
Task 4
	Question 2

	Level 1: Facts and memorisation

	
	
	
	
	

	Level 2: Procedures without connections
	
	
	
	
	

	Level 3: Procedures with connections
	
	
	
	
	

	Level 4: Doing mathematics; non-routine
	
	
	
	
	

	Using variation theory
	
	
	
	
	

	Using horizontal mathematisation
	
	
	
	
	

	Using vertical mathematisation
	
	
	
	
	

	Realistic (something students know or can imagine)
	
	
	
	
	



Question 1: Generating Babylonian/Pythagorean triples
Suggested time: 120 minutes
Many mathematicians have spent long hours figuring out their own ways of generating what has been known as Pythagorean triples which form the sides of a right-angled triangle. In fact, these triples were used by the Babylonians long before Pythagoras so they are also known as Babylonian triples. To find out more read https://www.popularmechanics.com/science/math/a37269363/babylonian-pythagorean-triples/
[image: ]










Task 1
a. Study the following text and work out the last two triples. 

1  which makes the triple (3;4;5)
2 which makes the triple (5;12;13)
3  = which makes the triple (7;24;25)
4=  which makes the triple  (9;40;41)
5 =    ………………………………….  ……(........)……
6…=    ………………………………     ……(.........)………

b. What did you notice about this pattern that enabled you to find the last two triples? 
c. What else do you notice now that you have completed it?

Task 2
a. Study the text below and see how the triples are generated. 
b. Will it work with any squared number? Explain your thoughts.

[bookmark: _heading=h.q55ywh6hs3se]112 = 121 which is 60 + 61 which makes the triple (11,60,61)
[bookmark: _heading=h.ciko5wiy80s3]92 = 81 which is 40 + 41 which makes the triple (9,40,41)
[bookmark: _heading=h.puagvzqa6xje]72 = 49 which is 24+25 which makes the triple (7,24,25)
[bookmark: _heading=h.n4krp2hcaaas]52 = 25 which is 12+ 13 which makes the triple (5,12,13)

c. Use other numbers to generate two more triples and use your calculator to check.

Task 3
a. Study the text below and use what you notice to generate the next two triples. 

⅓ + ⅕ = 8/15 which makes the triple (8,15,17)
⅕ + 1/7 = 12/35 which makes the triple ( 12, 35, 37) 
1/7 + 1/9 = 16/63 which makes the triple ( 16, 63, 65)

b. Explain what you have noticed and whether there are any connections between the numbers in this text and the previous texts. 

Task 4
Leonard Eugene Dickson (1920) said his method will work to find all the triples.
To find integer solutions to x2 + y2 = z2, find positive integers r, s, and t such that r2 = 2st is a perfect square.
Then:  x = r+s,   y = r+t,   z = r+ s+ t
From this we see that r is any even integer and that s and t are factors of r2/2.  

For r2 = 2st to be a perfect square,
Let r = 6 then r2/2 = 18 so the factor pairs of 18 are (1;18), (2;9, (3;6)
x = r + s = 6 + 1 = 7
y = r + t = 6 + 18 = 24
z = r + s + t = 6 + 1 + 18 = 25
The triple is therefore 7;24;25.

Let us try with r = 4.
Then r2/2 = 8 so the factor pairs of 8 are (1;8), (2;4).
x = r + s = 4 + 1 = 5
y = r + t = 4 + 8 = 12
z = r + s + t = 4 + 1 + 8 = 13
The triple is therefore (5, 12,13).

Try it with other even numbers and see if it works. 


Question 2: From numbers to letters
Suggested time: 120 minutes
In this question, we explore sets of numbers in order to come up with a rule which will work for all the sets. Work through the question as though you are a student who has yet to learn the rule and track for yourself how you get to the generalisation.
Explain why the answers to the questions in Set 1 below are easy to figure out. 
Set 1
(42 - 32) = 7 	  
(52 - 42), = 9	
(62 - 52) = 11
(72 - 62)= 13
(82 - 72) = 15
(182 - 172) = ……
(282 - 272) = ……
(382 - 372) = ……

Will it work for set 2?

Set 2
(82 - 62) = 28 
(92 - 72) = 32
(102 - 82) = 36
(112 - 92) = 40
(182 - 162) = ……
What rule works for set 2?

Set 3
(82 - 52) = 39 
(92 - 62) = 45
(102 - 72) = 51
(112 - 82) = 57
(182 - 152) = ……
What rule works for set 3?


Set 4
(82 - 42) = 48  
(92 - 52) = 56
(102 - 62) = 64
(112 - 72) = 72
(122 - 82) = 80
(182 - 142) = ……
What rule will work for set 4?

Now try this:
(482 - 432) = ………………
Explain how you got the answer 

Try to generalise these rules into one rule? 

[bookmark: _Toc143509861]Section B2
The following Questions 3-5 are taken from the PISA Released Items (2006; 2012). 
											[24 marks]
Question 3: Oil spill
Suggested time: 30 minutes
(adapted from PISA Released Items, 2012)
[4 marks]
Using the map scale, estimate the area of the oil spill in square kilometres (km2).

[image: ]


Question 4: Power of the wind
Suggested time: 30 minutes
(from PISA Released Items, 2012)
Complete all three tasks in Question 4.
[image: ]
Task 1
[4 marks]
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Task 2
[4 marks]
[image: ]

















Task 3
[5 marks]
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Question 5: Lichen
Suggested time: 30 minutes
(from PISA Released Items, 2006)
Complete both tasks in Question 5.

Lichen start to grow on the rocks










[image: ]







Task 1
[3 marks]
[image: ]



Task 2
[image: ][4 marks]









[bookmark: _Toc143509862]Section C: Design your own task
Suggested time: 60 minutes
											[25 marks]
Question 1 
Give an example of what is meant by seeing an exercise of five to 10 questions as an ‘object’?
[5 marks]

Question 2
Design a task to teach solving for x using completion of the square. Decide which cognitive level you will aim for. Decide whether to use variation theory and/or RME. Finally write an imaginary interaction between you and your class in the teaching of this concept. Will you use IRE, IRE/F, revoicing, etc., and show how you would use them to support the understanding of your students. 
[20 marks]
Rubric for assessing Question 2
	
	Decisions not yet appropriate leading to a shallow understanding by the student
	Decisions mostly appropriate
	Decisions well thought through leading to good conceptual understanding by the student
	Marks

	Appropriate cognitive level chosen 
	
	
	
	3

	Suitable use of either variation theory or RME
	
	
	
	7

	Appropriate and effective use of “Math Talk”

	
	
	
	10



[bookmark: _GoBack]Memorandum for exemplar summative assessment (Sections A and B)
Section A
1. The lower-order cognitive levels match with instrumental understanding in that they only require an instrumental understanding to be able to answer those types of questions. The higher-order cognitive levels require a relational understanding to be able to answer. At the same time, the higher-order questions help to develop relational understanding further.	[4]
2. “Doing mathematics” is being able to tackle solutions by exploring a non-routine mathematics problem. It involves higher-order thinking in that the solutions are not obvious.  It relates to RME in that one starts by using horizontal mathematisation to try and understand the problem. When a pattern begins to emerge, one can switch to vertical mathematisation by refining the algebraic solution.	[5]
3. Guided reinvention is based on the idea that someone made a conjecture about a mathematics problem, worked both horizontally and vertically on the problem until they were satisfied that it had been solved. Reinvention allows the student to go through the same process that the original mathematician may have gone through.		[4]
4. Math Talk enables students to think more deeply about a problem. It is a form of scaffolding which is initiated by the teacher to support student understanding by interacting with student responses in ways which help students to think in different ways about a problem.		[4]
5. Revoicing is a form of Math Talk which involves the teacher or another student repeating or rephrasing what a student has just stated during a classroom discussion. By doing this, the teacher is giving students an opportunity to think about the problem for longer than usual, to hear the statement again and to reflect on it. It is especially helpful to second language students who need time to translate into home language and back again into English or other language of      instruction.	Code switching (CS) may also be used in this situation to describe the concepts being mentioned in a different way to aid second language students.	[5]
6. Variation theory assists a student in developing an understanding of a pattern. It is the underlying structure of a problem which gets revealed by studying how something varies. By seeing the connections between the variations, the student builds relational understanding which ultimately leads to being able to see the rule of a pattern.		[4]
7. IRE is the traditional way of asking questions. The teacher asks a question, the student responds and the teacher evaluates the response (teacher as judge). IRE/F is a variation of IRE in that the evaluation becomes a rich form of feedback (F) which can be a class interaction using revoicing, another question, eliciting new information, pressing for deeper thinking, etc.	[4]
8. Some researchers continued to promote IRE in the IRE/F format because of the way in which IRE has been ingrained in the teaching profession. The problem with IRE is the way in which the exploration of the mathematics is shut down by the evaluation aspect. Traditionally, the teacher evaluates and then moves onto the next question leaving those who did not understand the question none the wiser. This can give rise to the approach of being focused on the “correct answer” and then moving on instead of exploring options around the question. Adding F to IRE has led to numerous options of how to deal with student responses in meaningful and supportive ways.	[3]
9. Prompting a student who is struggling with a problem can be done in several ways. One can prompt by using various forms of Math Talk which may highlight aspects of a problem which the student isn’t seeing. The danger of prompting is when a student continues to struggle, a teacher wants to either give the answer or ask easier and easier questions which lower the cognitive level of the original question until it is not worth asking. This turns feedback from a relational exercise to an instrumental exercise.	[4]

Section B1
Question 1
This is very clearly a question which uses variation theory to work out the rules and the final pattern. It relies on us finding connections between similar procedures using different starting points. It relies mostly on horizontal mathematisation to figure out the rules. The last step can be seen as vertical mathematisation. 
Question 2 (discussion)
In this question, we are taking the difference of two squares and deriving the rule for it by doing a fair amount of horizontal mathematisation. One can see that when there is only a difference of 1 between the integers, the answer requires you to merely add the integers. This is not a rule which works for the rest of the sets of questions (texts). We can see here that the horizontal mathematisation is actually making use of variation theory to arrive at a solution. One could present the information in a less organised way and expect the students to place the texts in order to come up with a rule, for example, set 1 followed by set 3, then set 4 and then set 2. This makes the solution less obvious and allows you to see if your students realise the importance of putting things in order to work out patterns.
Set 1: Notice a common difference of two between each answer if we look at the pattern recursively. A recursive pattern is one where the value of one term is dependent on the value of the previous term. There is also a difference of 1 between the integers, therefore add the integers (not the squares) and multiply by 1.
Set 2: Notice a common difference of 4 between each answer if we look at the pattern recursively. There is a difference of 2 between the integers, therefore add the integers (not the squares) and multiply by 2.
Set 3: Notice a common difference of 6 between each answer if we look at the pattern recursively. There is a difference of 3 between the integers, therefore add the integers (not the squares) and multiply by 3.
Set 4 is now obvious. 
We can see that the recursive pattern (looking horizontally at patterns) for example, 28;32;36;40;… does not help us get to the generalised rule because it is too bound up with the actual numbers and each previous number. We need to look at the common relationship between the integers and the answers.
This gives us the generalised rule as (a2 - b2) = (a+b)(a-b) which students are taught in Grade 9 without knowing where it comes from. 
Time constraints do not allow one to do this with every rule that our students are taught in algebra, but seeing how this rule is generated helps them to understand that mathematics is not magic and that rules and formulae have their origins in reality, in relationships between numbers. 
This question is therefore considered “doing mathematics”. It uses variation theory and RME to get to the rules. Task 4 however is more “procedures with connections” than “doing mathematics” in that it explains how to use the formula to get the ultimate pattern. 

Section B2
Question 3: Oil spill		
Answers in the range from 2200 to 3300		[4]
Question 4: Power of the wind
Task 1: Four correct responses: Yes, No, Yes, No, in that order 	[4]
Task 2: B. 8 years		[4]
Task 3: Response which shows correctly and comprehensibly in a mathematical way that the required minimum distance of five rotor blade lengths (i.e. 200 m) has not been adhered to between all the wind power stations. A sketch would be desirable but it is not imperative, just as a separate sentence containing the answer is not. The wind power stations cannot be erected like this because their distance is sometimes only the square root of 1252 + 1252 ≈ 177 m apart. 	[5]


Question 5: Lichen
Task 1
14 mm (units not required)		[3]
Task 2
37 years (unit not required) whether working out is shown or not 	[4]
[image: ]
The following calculations are also acceptable to PISA markers. 
[image: ]
									[Total: 120 marks]
References for summative assessment:
https://www.oecd.org/pisa/pisaproducts/pisa2012-2006-rel-items-mathematics-ENG.pdf
https://www.oecd.org/pisa/38709418.pdf
https://mindthegraph.com/illustrations/lichen
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[bookmark: _Appendix_One:_Learning][bookmark: _Toc143509864][bookmark: _Appendix_1:_Learning]Appendix 1: Learning journal template
The Adv. Dip TVT module called Reflective Practice covers the concept of reflection in the life of a TVET lecturer. The simplest reflective model unit 2, is that of Terry Borton (1970).
[bookmark: _Toc143509865][bookmark: _Toc48031345][image: ]Using a journal for reflection
Throughout the Advanced Diploma modules, we encourage you to use a learning journal. Start your learning journal at the beginning of the programme, and keep it regularly updated throughout. In each activity or stop and think reflect on the questions or problems raised.
For your learning journal, you can use:
· an A4 notebook with at least 100 pages lined and blank, or
· this template.
In your journal write notes and reflections, complete activities, add drawings, letters, stick in pictures or objects, use pens or paint or do anything else that makes it meaningful for you. Record your thoughts verbally, using the voice recorder on your cell phone, or even take a video.

Journaling stylesMind map
Sketch notes

In the module on Reflective Practice in Unit 1 you can explore different ways to document your reflections and how to develop a reflection journaling style that suits you. Consider using mind maps, sketch notes and symbols too.



Begin your journal on the next page, if you are using this template.

[bookmark: _Toc143509867]Module name:
Unit #

Remember to put a date each time you write in your journal.
Activity #




What?


So what?


Now what?
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Devastation by an earthquake in Turkey in 2023

Devastation by earthquake in Turkey 2023;

https://commons.wikimedia.org/wiki,
3%8Crkiye_8.jpg

le:Aleppo_after_the_7.8_magnitude_earthquake_centered_in_T%C

EARTHQUAKE M509 of the Released PISA items (December 2006)

A documentary was broadcast about earthquakes and how often earthquakes occur. It included a
discussion about the predictability of earthquakes. A geologist stated: “In the next twenty years, the
chance that an earthquake will occur in Zed City is two out of three”.

As a group, decide which of the following best reflects the meaning of the geologist’s statement?

A. gx 20 = 13,3 , so between 13 and 14 years from now there will be an earthquake in Zed City.

B. gis more than % , 50 you can be sure there will be an earthquake in Zed City at some time during
the next 20 years.

C. The likelihood that there will be an earthquake in Zed City at some time during the next 20 years
is higher than the likelihood of no earthquake.

D. You cannot tell what will happen, because nobody can be sure when an earthquake will occur.

A representative from each group will give the group’s answer and explain how they arrived at their
answer.
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OIL SPILL
An oil tanker at sea struck a rock, making a hole in the oil storage tanks. The tanker

was about 65 km from land. After a number of days the il had spread, as shown on
the map below.

Coastine.

1 cm represents 10 km
—
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POWER OF THE WIND

Zedtown is considering building some wind power
stations to produce electricity.

The Zedtown Council gathered information about the
following model.

Model: E82

Height of ower: 138 metres

Number of rotor blades: 3

Length of one rotor blade: 40 metres

Maximum speed of rotation: 20 rotations per minute

Price for construction: 3200 000 zeds

Tumover: 0.10 zeds per kiWh generated
Maintenance cost: 0.01 zeds per kiWh generated
Efficiency: Operational 97% of the year

Note: kilowatt hours (kWh) is a measure of electrical energy.
‘Translation Note: In this unit please retain metric units throughout,

Translation Note: Change to, instead of . for decimal points, if that is your standard
usage.
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Decide whether the following statements about the E-82 wind power station can be
deduced from the information provided. Circle “Yes" or "No for each statement.

Statement

Can this statement be deduced from
the information provided?

‘The construction of three of the power
stations will cost more than 8 000 000
zeds in total.

Yes/No

‘The maintenance costs for the power
station correspond to approximately 5%
of its tumover.

Yes/No

The maintenance costs for the wind
power station depend on the amount of
KWh generated.

Yes/No

On exactly 97 days a year, the wind
power station is not operational.

Yes/No
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Zedtown wants to estimate the costs and the profit that would be created by
‘constructing this wind power station.

Zedtown's mayor proposes the following formula for estimating the financial gain, F
zeds, over a number of years, y, if they build the E-82 model.

F =400 000 y - 3200 000
T

Froftrom e “Costs T buling
yoaryproducton of | | the wind oower
ity Saton

Translation Note: Change expressions and symbols into the standard conventions for
writing equations in your country.

‘Translation Note: Initial letters of key words used in the formula may be adapted to suit
a different language, but be careful that the changed letter does not conflict with letters
used elsewhere in the unit or the formula.

Based on the mayor's formula, what is the minimum number of years of operation
required to cover the cost of construction of the wind power station?

A 6years
B 8years
C 10years
D 12years
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Zedtown has decided to erect some E-82 wind
power stations in a square field
(length = breadth = 500 m).

According to building regulations, the minimum
distance between the towers of two wind power
stations of this model has to be five times the
length of a rotor biade.

‘The town mayor has made a suggestion for how
to amange the wind power stations in the field.
‘This is shown in the diagram opposite.

Explain why the town mayor's suggestion does
not meet the building regulations. Support your
‘arguments with calculations.

20m

20m

@ = wind power station tower
Note: Drawing is not to scale.
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A result of global warming is that the ice of some glaciers is melting. Twelve years
after the ice disappears, tiny plants, called lichen, start to grow on the rocks.

Each lichen grows approximately in the shape of a cirdle.

‘The relationship between the diameter of this circle and the age of the lichen can
be approximated with the formula:

d=7.0x\t-12) fort>12

where d represents the diameter of the lichen in
number of years after the ice has disappeared.

imetres, and t represents the.
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Using the formula, calculate the diameter of the lichen, 16 years after the ice
disappeared.

‘Show your calculation.
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Ann measured the diameter of some lichen and found it was 35

imetres.
How many years ago did the ice disappear at this spot?

‘Show your calculation.
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35:7=5

7x5=Tx25
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35/7=5 (Strcty incorrect algebraic representation, but we kriow what the
5i=25
25412=37

student s trying to do)

(Note that here the answer 37 is embedded in
an equation that is correct)

S0 37 years after the ice disappeared

756 = 35 = 7XV(37-12) = 7XV25 = 7X5 = 35,
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Figure 1: Reflective model, redrawn: Borton, 1970

Three reflection questions leading to

action:

1. What? What happened?

2. Sowhat? So, if that happened,
what does this show or teach me?

3. Now what? Now that | have learnt
something new by reflecting on
the situation, what should | do?





image90.png




image91.png




image92.png
Symbols to consider

* Anew concept | have learnt.

2 Something | still don't fully understand
1 New ideas | have

>> Action | can take
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Symbols to consider

* Anew concept | have learnt.

2 Something | still don't fully understand
1 New ideas | have

>> Action | can take
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3.2 In the sketch below, P (2; -1), Q and R are points in the Cartesian plane. The equation
of QR is defined by x — 2y + 6 =0 and the equation of PR is 3x -y -7=0.

AY
R
Q
\/P 2;-1) X
3.2.1 Prove that PQR = 90°. 3)
3.2.2 Determine the equation of line PQ. 3
323 Determine the length of PQ. )

324 Calculate the midpoint of line PQ. )
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